New Keynesian Model with Calvo Pricing

George Chou

1 Households

Assume a representative infinitely-lived household, seeking to maximize
Eo Y B'U(Ci, Ny), (1)
t=0

where § € (0,1) denotes the discount factor, N; denotes hours of work or employment,

and C; is a consumption index given by

1 =1
C, = </ Ct(i)ildz) :
0

with Cy(7) representing the quantity of good ¢ consumed by the household in period t¢.

Assume the existence of a continuum of goods represented by the interval [0, 1]'.

The period budget constraint now takes the form

1
/ P,(i)Cy(i)di + Q: By < By + Wy N, + T3, (2)
0

where W, is the nominal wage, B, represents purchases of one-period bonds with the
price Q; = ﬁ, I; is the nominal interest, and 7} is a lump-sum component of income.
Additionally, assumed that the household is subject to a solvency constraint that

prevents it from engaging in Ponzi-type schemes, by the following constraint:
T—o0

Define Z, as the total nominal expenditure, P;(i) as the price of good i. The

optimal allocation of any given expenditure level can be found by solving

1 =1
max C; = </ C’t(i)gsldi> ,
Ce (i) 0

/0 1 P,(3)Cy(i)di = Z,.

s.t.

Lagrangian:

L= (/01 ct(z')ildz) o A (/01 P,(i)Cy(i)di — Zt> .

! Assume that Uc > 0, Uco < 0, Uy < 0, and Uy < 0.




FOC:
oL

9Cy (i)

L OFCL(6)" = M), Vi€ [0,1],

that is, Vi, j € [0, 1],

ol

By the definition of the consumption index, we can derive that

i) = Cut) |

e—1

ds

—1 1 e—1
o _/ (i) di
0
1

-[ew[F5]
= P! /01 P,(i) =di

=Cy(j) =
=C,(j) T RGP

Taking the square of =5 yields
Cy = Ci(j) () P e

Then the isoelastic demand of good i can be represented as

Coli) = [P;a(j)} —e ‘.

where P, denote the aggregate price index

1

P = {/Olpt(i)l—fd@}“.

l[a@a@mzaa, (3)

Furthermore, we have

i.e., total consumption expenditures can be written as the product of the price index
times the quantity index.

Next we consider the dynamic problem. Combine (1), (2) and (3), the intertem-
poral UMP can be written as

max Eo ZﬁtU<Ct, Nt),
t=0

C¢,N¢, By

s.t.
P.Cy + QB < By + Wy N, + Ty

Current-value Hamiltonian:

H = U(CmNt) - )\t(PtCt + QtBt - Btfl - WtNt - Tt)-



FOCs:

OH
87@ : UC,t = )\tPta (4)
OH
aNt . 7UN¢ = )\tWt7 (5)
OH
87315 t A Qe = BE A1 (6)

Combine (4) and (5), we obtain the optimal labor supply decision:

U W
Uc: DB

Combine (4) and (6), we obtain the Euler equation:

Uciv1 P ]

= BE
Q=8 [ o 2

Under the assumption of a period utility given by

— 1
cl= N!*¥

U(ChNt):l—a_l—l—ga’

where o > 0, 0 # 1, and ¢ > 0, then the two equations become

CoNg = 3, (7
Cc.% P

= BE, | 2! t]. 8

Q= 0B | 2 ®)

Log-linearize (7), we obtain the log-linearized optimal labor supply decision:
Uét—i—tpflt :wt _ﬁt' (9)

This shows that, given the marginal utility of consumption (which under the as-
sumptions is a function of consumption only), this equation determines labor supply as
a function of the real wage.

Log-linearize (8), we have
Gr = —0EiCry1 + 0 + Py — Eeprya-
Denote &; = p; — py—1 as the (log-linearized) inflation. Since it = —(;, we obtain:
& = Eyéyr — 0 iy — Byftyyq). (10)

This shows that, given the nominal interest, the intertemporal consumption deci-

sion is only determined by the expected inflation.



2 Firms

Assume a continuum of firms indexed by ¢ € [0,1]. Each firm produces a differ-
entiated good, but they all use an identical technology, represented by the production
function

Yi(i) = AN,(2)' 77,

where « € (0,1), A; represents the level of technology, assumed to be common to all
firms and to evolve exogenously over time. All firms face an identical isoelastic demand
schedule, and take the aggregate price level P, and aggregate consumption index Cy as
given.

Consider the optimal labor demand for firms. One minimizes its cost by choosing

N¢(3), that is,
Wi

EGROR
s.t.
Yy (i) = AN, (3)' 7
Lagrangian:
L= ‘;?Nt(z’) — M[AN() 7 = Y,(3)).
FOC: or
AN () Wy = (1 — a) AN (i) 7.

Denote M C; = M\ P; as the nominal marginal cost. Then the FOC becomes
Wt = MCf(l - O[)AtNt(i)ia.
In flexible price system, the firm’s PMP can be represented as

III%E(%;)( Py(0)Y (i) — Wi(i) N (d).

Firstly we divide the objective function by P,. By the optimal labor demand
decision, when good market is clear, the objective function can be transformed as

Py(i)Y (i) — Wo(i)) Ny (i)

Py
[ P(3) MCy .
RG] MC, [P,(i)]°
= l 7 | (1—-a) 2 P, C.
FOC: )
[P(i)] ° MC, [P(i)] "
(1 E)_Pt_ + (1 - 2} |:13t =0.
Thus, the optimal price becomes
. l-—«
Py(i) = ﬁMC‘t



l—a
1—e—1

ment and output in the economy due to the monopolistic competition.

In this form, the (nominal) markup leads to inefficiently low level of employ-

Then we turn to sticky price system. Following Calvo (1983), each firm may reset
its price only with probability 1 —6 in any given period, independent of the time elapsed
since the last adjustment, i.e., follows an exogenous Poisson process. Thus, each period
a measure 1 — @ of producers reset their prices, while a fraction 6 keep their prices
unchanged. As a result, the average duration of a price is given by (1 — #)~!. In this
context, # becomes a natural index of price stickiness.

Let S(t) C [0, 1] represent the set of firms not re-optimizing their posted price in

period t. The aggregate price index can be written as

1—e¢

Pi=| [ P o]

= [oPs + (L= 0)(Py) )T

Divide P,_; on both sides and rearranging, we obtain

P* 1-e
¢ =6+ 1—9( t) ,
t ( ) Ptfl

where II; = Pf’il is the gross inflation rate between t—1 and t.

The log-linearized form:

P = 0pi—1 + (1 — 0)p;, (11)
or
e = (L= 0)(pf — Pr—1)-

This implies that, inflation results from the fact that firms re-optimizing in any
given period choose a price that differs from the economy’s average price in the previous
period.

With sticky price, the firm must set its price taking account of the risk that it will
not be allowed to change its price in the future. That is, firm choose P, to maximize

[Py ()Y (i) — W (d)]
+ OB Q1 [P (1) Ye1e (1) — Wera (4)]]
+ B[ Qo2 [Py (1) Yiroge (1) — Wi (0)]]
+ SEIEN

—o
where Q11 = " (%) PZ - Is the stochastic discount factor for nominal payoffs,
WU(-) is is the cost function, and Y; ; denotes output in period ¢ + k for a firm that
last reset its price in period t.

Formally, the PMP can be represented as

H}D?;X ; HkEt [Qt,t-ﬁ-k[Pt*Y;tJrk\t - ‘I’t+k(n+k\t)“,


https://www.sciencedirect.com/science/article/abs/pii/0304393283900600

s.t.

PtJrk

The log-linearized form of constraint:

P\
Yt+k|t:< t> Yiek, £=0,1,2,..

Uitk — Jevr)e = €(DF — Desr) (12)
FOC:

> 8Y}+k‘t a\I]H_k a}/t-&-k\t

OE Y; Py - =0
kZ:O t [Qt,m—k < t+k|t + 8Pt* 3Yt+k\t 8Pt* ’

where oY, v,
t+k|t t+k|t
= — k = O 1 2 ceee
aPt* g Pt* 5 s Ly &y

. . oW
Denote nominal marginal cost as ¢zt = 5y fLT , then
t t

> Wopre  OVipr OYiqppe
Ok Y, Py - ’
S0, [Quune (Yoo PO - e S

-y o,
k=0
00 r . e
= Z O“Er | Qrok Yernie [1 + (P — ¢t+k|t)*H
k=0 L t
- o,
k=0
Solving for the optimal price:
o OB (Qr kYo ke akt)

Pr= = : 13
e Yoo OB (Qt gk Yeqnpe) (13)

r Y;
Qt ik <Y;5+k|t + (P = igpe) (—€) t];rflt)]
t

Qt,t41 Ykt (1 —e+ 6wt+ft>] =0.
Pt

g
e—1"

where p =
In the case of flexible price, i.e., § = 0, (11) becomes P;" = u);;. Henceforth, s is
referred to as the desired or frictionless markup.

Denote MC} = %z as the real marginal cost. Consider the log-linearized form of
(13)2:

B = (1= 80) Y (BOFE(mc]p, + Priw)- (14)

k=0

The forward-looking equation:

By = (1= BO)(mcyy, + p) + BOEp;, .. (15)

2See Appendix 5.1 for complete derivation.



Substitute (15) into (11), we obtain

Py = 0pi—1 + (1 —0)p;
=0p_1+(1—-0)(1— 59)(7716:“ +p¢) + (1 — 0)BOEp;

Eufur — 0y
po 1—-46

= 0pr1 + (1 —0)(1 — 80)(mcyy, + pr) + BOE P41 — S0Py

= 0pr—1 + (1 = 0)(1 — B0)(micy, + p) + (1 —0)

Subtract this equation by (1 — )p; and rearrange yields

07, = 0(Pe — Pr—1)
= (1= 0)(1 — BO)micy, + BOEiprs1 — D)
= (1 — 9)(1 - 69)77’3;6;“ + BeEtﬁt+1.

The forward-looking equation for inflation:

(1-0)(1—-p0) .,

ﬁ-t = 6Etfrt+1 + fm(?tlt.

3 Non-Policy Equilibrium
Market clearing in the goods market requires

Y, (i) = C,(i), Vielo,1].

e—=1

Letting aggregate output be defined as Y; = ( fol Y. (i) = di)ﬁ it follows that

Y; = Cy, i.e., §; = é. Combining with (10), we obtain the equilibrium condition of

good market clearing:
9 = Eipr — 0 (i — Evfrepa). (16)

Market clearing in the labor market requires

1
0

Combine with the production function, we obtain
1 N T
Yt(Z)] e
Ny = / [ di
t 0 At
() L
Ay o L D

Taking the square 1 — « yields
1 . __e 11—«
P 11—«
/ [ 10, ] di] .
0 Py

Y

Ntl—a — At




€

Denote Dy = [fol [Pt(i)]fl’a

11—«
o dz] measuring price (output) dispersion across

firms, we have
Y, = A,N 7D/t

The log-linearized form?:

Now we consider the average real marginal cost in the equilibrium. In firm’s CMP,

we have known that W )
O e —
t Pt At<1 - O[)Nt_a
The log-linearized form:

mey = Wy — P — (G — afy)
1. .
- a(at — agy).

=Wy — Pt —

For firms that set price at ¢ and remains it at ¢ + k:

o . A . .
MCyy g = Witk — Pt+k — 1_ a(atJrk — Qi yk)t)
. A . .
= Wt+k — Pt+k — 1 (Qrqr — ayt+k\t)
-«
Brss = ek — (@4 — OGrs) — e (Gt — G
= Wirg — — —— (e — - - .
t+k — Pt+k 1 o \ttk Ytk I—o Ytt+k — Yi+k|t
A ae ~
= Mk T 7 a(pt — Ditk), (18)

where the last line uses (12).

Substitute (18) into (14), we have

p; = F(mczﬂqt + Detr)

~ age A A
=D |mcpy, — 1—a a(Pt = Pe+k) + Detn

aE . .
:—1_apt+F(mct+k—|—@ lpt+k),

where I'(-) = (1 — 86) Y7, (BO)FE,(+), and © = =2 < 1.

l—a+tae —
Solving for the optimal price in terms of average real marginal cost:

Py = D(Omcyyy + Dt
= (1 — B0)(Omc; + py) + BOEp; ;. (19)

Similarly, substitute (19) into (11), then subtract it by (1 —6)p; and arrange yields

7ty = BE 41 + Amicy, (20)

3We can prove that d; = In D, is equal to zero up to a first-order approximation in a neighborhood of © = 0,
see Appendix 5.2.



_ (1-6)(1—p6)
Whel"e )\ = #@

Solving forward, we obtain

oo
~ k A T
e = A E BYEmcy .-
k=0

Re-consider the log-linearized form of average real marginal cost, using (9) and
(17) yields

ﬂiC: = (’UA)t _ﬁt) - (dt — Oé'flt)

R . 1 .
= (o0 + o) — — a(at — ag)y)

1
N Y e L. N
:Uyt+17a(yt*at)*1ia(at*ayt)
pra) o+l
- _PT 21
(U+1—a>yt 1-a 1)

Under flexible prices the real marginal cost is constant (M C] = p~'), thus mc; = 0.
Defining the natural level of output, denoted by y;*, as the equilibrium level of output

under flexible prices:
o p+1 4

Y = p+a+o—ao !

Then we have
me; = (0 + fjj) Ut (22)
where §; = §; — 9 is denoted as the output gap, the deviation between the real output
and the natural level of output.
Substitute (22) into (20), we obtain the New Keynesian Philips Curve (abbr.
NKPC):
7ty = BEiTt i1 + Ky, (23)

-«

WheremE)\(a—km) > 0.

Rewrite (16) in terms of the output gap as
Ur = (91 — 05) + EiJr — 0 (i — Eyftegn).

Define the natural rate of interest 77 = o(97%,; —97). Then rewriting the equation

in terms of 7}', we obtain the Dynamic IS Curve (abbr. DISC):

o = =0 (is = Eeftrpr — 7)) + Eefiora- (24)
Under the assumption that the effects of nominal rigidities vanish asymptotically,

lim7_, o0 Etfsar = 0 In that case one can solve (24) forward to yield

oo

~ -1 ~ ~n
Yt = —0 E E(Fran — Tt+k)7
k=0



where 7} = Et —E;7:11 is the (log-linearized) expected real return on a one period bond
(i.e., the real interest rate).

In the non-policy block of basic New Keynesian model, The NKPC determines
inflation given a path for the output gap, and The DISC determines output gap given
a path for the (exogenous) natural rate and the actual real rate. In order to close
the model, we need to supplement these two equations with one or more equations
determining how the nominal interest rate i, evolves over time, i.e., with a description

of how the monetary policy is conducted.

4 Monetary Authority

Consider the equilibrium under a simple interest rate rule of the form (as known
as the Taylor rule)
i = GnTre + Pyl + vy, (25)

where v; is an exogenous (possibly stochastic) component with zero mean. Assume ¢,
and ¢, are non-negative coefficients, chosen by the monetary authority.
Combine (25) with (24), the DISC becomes

Y = *U_l[@rﬁt + ¢y — Eeftepr — (P — v0)] + Byt
Rewriting the NKPC and DISC:

(L+ 070y 4+ 07 " butty = EsGrir + 0 " Eefpr + 0 (7} — vy),

—/‘igt‘i‘ ﬁ-t = B]Etﬁ-t+1'

The matrix form becomes®:

. B
[Z{y = A | B (R — ), (26)
Tt tTt4-1
1- ™
where Q = (0 + ¢, + kd,) "', Ar =Q 7 pe ,and By =Q
ko K+ B(o+¢y) K

By the Blanchard-Kahn condition, given that both the ¢; and 7; are non-predetermined
variables, the solution to (26) is locally unique, if and only if, A7 has both eigenvalues
within the unit circle. Under the assumption of non-negative coefficients (¢, ¢, ) it can

be shown that a necessary and sufficient condition for uniqueness is given by®

F(¢r —1) + (1= B)¢, >0, (27)

which is assumed to hold, unless stated otherwise.
Then we consider the monetary policy shock in the system. Assume an AR(1)

process of {v;}, that is, v, = p,v,_1 + €}, p, € [0,1). A positive (negative) realization

4See Appendix 5.3 for complete derivation.

5See Appendix 5.3 too.

10



of €} should be interpreted as a contractionary (expansionary) monetary policy shock,
leading to a rise (decline) in the nominal interest rate, given 7, and ;. Because the
natural rate of interest (output) is not affected by monetary shocks, Vt, 7' = g* = 0 is
set for the purposes of the present exercise.

Using undetermined coefficient method, guess that®

gt = wyvvta
ﬁ-t = wnvvta

where v, and ¢, are coefficients to be determined.

Verification:

Ur = _(1 - pr)Avvta

T = —kA vy,

where Ay = [(1 = Bpy)[o(1 = po) + dy] + K(dr — pu)] "
Since (27) is satisfied, it can be easily shown that A, > 0. Then we have —(1 —
Bpy)A, <0, and —kA, < 0. Hence, If v; 1, then 7 |, §; |, and J; |..

Similarly, we can solve the form of (log-linearized) real interest 7, = i — E;7y1 as
7o = 0(1—py)(1 = Bpy)Ayvy,

thus we have o(1 — p,)(1 — Bp,)A, > 0.

Hence,

A~

ir = [0(1 = pu)(1 = Bpy) — Kpu] Ayvr.

If vy 1, then 7, 1. But if the persistence of the monetary policy shock p, is
sufficiently high, 7, |, since The downward adjustment in the nominal rate induced by
the decline in inflation and the output gap more than offsetting the direct effect of a

higher v;.

5 Appendix

5.1 Log-Linearization of the Optimal Price

Consider the optimal price:

> oneo "B ( Qi Yokt Vrtkfe)

VS = 28
! Yoo OB (Qe e rYegne) (28)
Detrending the the stochastic discount factor for nominal payoffs, we have
~ _ C 7 P
Quive =B th,t+k = ( gt_k> Ptik.

5See Appendix 5.4 for complete derivation.
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Also we have known that

Py
Py

Y;:Jrkht = Yt+k|t = ( ) Y;H-k' (29>

Rewrite (28) in terms of Q 44, then combine with (29), we obtain

P (B0 BeQrari Pros Yok = 1> (BO) By Qu i Py Yegrtbrgne)-
k=0 k=0

Expand the left hand side:
LHS, = PyE(P{Y; + 80Qu41Pfy Yipr + ).
In steady state we have P* = P and Q =1, thus,
lhs, = P Y (p; + epy + Gi) + P Y BOE () + ePrs1 + Ges1 + §t7t+1) + e
= P S (805 + PV S (00 BB + o)
k=0 k=0

1

= preey
1— 36

P + PY > (BO) Ee(eprsnerr + Grask)- (30)
k=0

Expand the right hand side using ¢, = M C] P;:
RHS; = HEt(QtMC{PtHEYt + ﬁHQt,tHM Z‘+1\tpt1++1€Yi+1 +--).
In steady state we have MC" =y, i.e., P = ), thus
rhs, = uMC}, P Y [q, + mc; + (1 + €)pr + 71
+ MMCIPI+EY[5t,t+1 + mc:-i-l\t + (1 +e)prs1 + Gega] + - -

_ pltey Z(ﬁe)k]Et[(jt,t+k +micy g + (14 €)Devk + Urvr]- (31)
k=0

Subtract (31) by (30) (equal to zero) and rearrange yields

pi = (1= 80)> (BO) Ee(mic) yy; + Drsr)-

k=0
5.2 Price Dispersion

By the definition of the price index

[
= [ el ) o

(1-¢)
2

— 1+ (1—e) / Api(i)di + / Api(i)2di + O[Ap (¥, (32)

12



where Ap,;(i) = p(i) — p; is the (log) derivation of price, and O[Ap;(i)?] = 0 in a
neighborhood of steady state.

Hence, we have
o l—e ft o
pe ~= Eipe(7) + 5 / Ap,(i)*di.
0
Thus,
1 1
/ Ap,(i)?di =~ / [pe(i) — Eipe(1)]2di = Varpy(4). (33)
0 0

In addition,

1 P 1
/o [Pt;;)} di:/o exp [—gApt(i)} di
1 _° /1Apt(i)di+1< < )2/1Apt(i)2di+O[Apt(i)3]
1—a 2\1-« 0
_pyle=e) /1Apt<z'>2dz'+1< : )2/1Apt(z'>2dz‘
2 1_0( 0 2 1—04 0
1
+;lfaé/0 Ape(i)2di

1 ¢ 1 .
21— a 6V3Tipt(l)7

=1

~1+

where the third equality follows from (32) and the last equality follows from (33).
Using the definition of d,

th(l—a)ln/Ol [Pt(i)}_lfadm

& .
Tt 6Vaript (Z) .

1
2

Thus, d; = 0 in a neighborhood of steady state since Var;p;(i) = 0.
5.3 The System under an Interest Rate Rule

Consider the NKPC and DISC:

(L4070 + 0 nftr = Efir1 + 0 " Eefrer + 0 (7} — vyp),
—Ii'gt‘l‘ ﬁ't = ﬁEt’th+1.

+ [ 0 1 (FF — vy).

The matrix form becomes
L+o7'y, o7 x| |By| (1 07!
—K 1 ’ﬁ't 0 ﬁ

1407 '¢, o ¢

Eefis1
Et’ﬁ_t+1

Since

-1
l+o ¢, o7'¢r| —K 1 _ale —n
—K 1 l+ot¢, o '¢, ko T+ ¢yl
—K 1

13



where Q = (0 + ¢, + rkd,) !, the system becomes

Uy o —x 1 o |Eesa o —¢x ot
| = . Q (7 — )
e ko o+, |0 B Eityaq Ko 0+ @y 0
o 1— Bo, E.y ~
-0 Bo t?;/t+1 Ty (rf _ Ut)
RO K + B(U’ + ¢y) }Etﬂ_t-l—l K
o
= AT t%!t-‘rl + BT<TA'ZL — T)t).
Eemriiq

By the Blanchard-Kahn condition, given that both the ¢; and 7; are nonpredeter-
mined variables, the solution to this system is locally unique, if and only if, Ar has
both eigenvalues within the unit circle.

Consider the characteristic polynomial of Ar:

p(€) = & + 1€ + wo,

where
. _ k+to+Bo+Be
w1 =—-Qo+k+ 60+ ¢y)] = P v
o = Q) o 1— Box _ Bo
’ ko k+Bo+¢,)| T+ by TR

Both eigenvalues of At are inside the unit circle if and only if both of the following

conditions hold

|w0| < 1,
|wwi| < 1+ wo,
which implies
by + Epr + (1 — B)o >0, (34)
K(dpx — 1) + (1 = B, > 0. (35)

Since 0 < 8 < 1, the condition (34) is trivially satisfied. Thus, (35) is what we
concern. Additionally, we assume k(¢ —1)+(1— )¢, # 0, which rules out eigenvalues

on the unit circle.

5.4 The Undetermined Coefficient Method under a Monetary Pol-
icy Shock

The form we guessed is:

gt = wyv (%)

ﬁ-t = 1/)771) Vt,

14



where 1, and 1, are coeflicients to be determined.
Rewrite the DISC

Yy = —0_1[¢57r7ATt + ¢y U — Evregr — (77 — o) + Eifig,
and the NKPC
7/:(} = ﬁEt’ﬁ_t—&-l + K)gt.

Insert the guessed form into (36),

wyvvt = 70-_1[¢7T¢7Tvvt + ¢y¢yvvt + Uy — pv¢wvvt] + pvqpyvvt?

which implies
[0(1 = pu) + dyltbye = (po — dx)thme — 1.
Turning to (37),
YroV = BPoVroVs + Kby vy,

which implies
— 1- BIOU
K

1/}yv wﬂ'v-
Insert (39) into (38),

l_ﬂpv
Y

1/)71'1) = (pv - qbﬂ)qufrv - ]-7
and solve for ¥, as

Q/Jm; = _"QAva
where A, = [(1 = Bp,)[0(1 = p,) + ¢y] + £(dr — pu)] L.

Then the solution becomes

?jt = _(1 - 5pv)AvUta

Ty = —KJAU'Ut.
Consider the real interest,

o = 1y — Byfrpgn
= GrVnoVt + Gythyove + v + KA, Py
= [FAu[K(Pn = po) + (1 = Bpu)dy] + 1]v,
= [FA A = o(1 = pu)(1 = Bp,)] + 1oy
=o(1 = p,)(1 = Bp,)Ayvs,

then the nominal interest becomes

%t = 0(1 - pv)(l - 6pv)Avvt - HA'U/OU'Ut
= [J(l - pv)(l - pr) - KJPU]Avvr

15
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