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1 Environment

Our economy is a standard heterogeneous-agent economy a la Aiyagari (1995), with flexible
labor supply and a general utility function. We abstract away from capital at first to ease
exposition. Time ¢ is discrete, and there is no aggregate risk. All agents have perfect
foresight w.r.t. aggregate variables.

1.1 Basic Setup

There is a continuum of households, labeled by i € [0,1]. At the beginning of each period,
household ¢ draws idiosyncratic productivity e;; from a positive and recurrent finite-state
Markov chain; e;; is i.i.d. across households, with a mean normalized to 1. We further
allow for an end-of-period productivity shock €;+ > 0 that is i.i.d. over time and across
households, and drawn from a smooth distribution with density 6(¢) and mean 1'. ¢;, is
realized after consumption and labor supply are chosen.

Household #’s date-0 expected utility is given by

Z Bru(ciy, mt)] ; (1.1)

t=0

Eo

where 5 € (0,1) is the private discount factor, ¢; ; denotes consumption and n;, the labor
supply. u(c,n) is a general per-period utility function satisfying the usual Inada conditions.

Households are able to self-insure against their idiosyncratic productivity shocks by
holding assets a; ¢, earning an interest rate r; between periods ¢ — 1 and ¢. Their budget
constraint is given by

Cit +aip = (1 +7e)a; -1 + weej 5Ny, (1.2)

where w; > 0 is the date-t after-tax wage per effective unit of labor.
Households are subject to a standard borrowing constraint?

a;s > 0. (1.3)

Taken together, households choose {c¢;+, i+, a;:} in order to maximize (1.1) s.t. (1.2)
and (1.3).

1We allow for €i,t to just ensure that wealth distribution predicted by the model is smooth, which will
help with theoretical results. In all numerical exercises, €; ¢ is set to 1.

2We also allow for an upper bound on assets ai,y < a where @ € (0,00]. For theoretical results, we assume
a < oo is some arbitrarily large positive constant. For numerical results, we set a sufficiently high that it is
not binding.
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Our main focus is on preferences that are compatible with balanced growth, a la King
et al. (1988) (KPR), given by

[ce™v ()] g

1—0

u(e,n) = , (1.4)

for some o > 0 and v(n) > 0 denoting the disutility from labor supply.
We focus in particular on the ¢ = 1 case, which delivers the standard log-separable
utility function,
u(e,n) =Inec—wv(n). (1.5)

Production is perfectly competitive and linear in effective labor. The unique output
good at date t is produced using the technology

}/t = Nt, (16)

where Ny is the aggregate effective labor supply. This implies that the pre-tax wage w; = 1,
Vt.
The government is financing an exogenous amount of government spending G > 0 using
a mix of proportional labor income taxes {7;} and government debt {B;}. After-tax wages
are therefore simply
wy = 1-— Tt (17)

and tax revenue from labor income taxation is given by 74 /Vy.
The government budget constraint is

G+ (1+Tt)Bt—l :Bt+TtNt. (18)

1.2 Sequence-Space Functions

From a partial equilibrium view, aggregate household behavior in this economy can be
expressed entirely as a function of the sequences of interest rates and wages, {r:, w;}52,.
For simplicity, we omit the superscript and subscript hereafter.

Conditional on {r:,w:}, households can solve for their consumption policies ¢ (e,a_)
and labor supply polices nj(e,a_). Then the individual saving a; can be written as

a;(e,a_,e) = (1 +ry)a_ +weeeng(e,a_) — ci(e,a_).

We construct a} as the average saving of households (as well as the saving policies), that
is,

ay(e,a_) = /df(e,a,,e)Q(e)da.

These policies then perfectly determine the evolution of the wealth distribution ¥y (e, a_),
starting from some arbitrary given initial distribution Wy(e,a—_). Thus, date-t aggregate
household behavior can be represented as

Ay = i ({rs,ws}) = /af(e,a,)dlllt(e,a,), (1.9)

Ny = M({rs,ws}) = /nz(e,a,)d\l't(e,a,), (1.10)

Cy =Gt({rs,ws}) = /cf(e,a_)dlllt(e,a_). (1.11)
Finally, utilitarian flow utility can be written as

Uy = U ({rs,ws}) = /u[c}f(e,a_),nf(e,a_)]dlllt(e,a_). (1.12)
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We make the following assumption to ensure the stationary in the economy, which is
standard in all heterogeneous-agent models.

Assumption 1.1
Vr < 71 —1, Yw > 0, 3! globally stable steady state wealth distribution ¥(e,a_).

With stationary, the derivatives of each functions 2" € {«/, #', €, %} have specific shapes,
namely that of S-quasi-Toeplitz matrices.

Definition 1.2: $-Quasi-Toeplitz Matrix

An infinite matrix M = [M; ] € RVN is a B-quasi-Toeplitz matrix with symbol
vector a = {a;} € R? if:

1. Vt,s >0,
uh_}rglo Mt s4u = Gt—s. (1.13)
2. 3 € (0,1) s.t.
| My o < {gq(i;;)(ts) i:z i 8 , (1.14)

where D > 0 is a constant.
We describe the asymptotical properties of sequence-space functions 2 as below,
Proposition 1.3

Each one of the sequence-space functions & is a well-defined continuous function
w.r.t. the sup norm. Evaluated at convergent sequences {rs,ws} with ry — r* <
B~1—1 and wy, — w* >0,

(i) X ({rs,ws}) converges to a limit Z**(r*, w*) that only depends on the limits
r* and w*.

(ii) & is Fréchet-differentiable in each of its two arguments, with S-quasi-Toeplitz
derivatives X" ({ry,w,}) : £ — £°° and X ({ry,w,}) : £ — £>° whose
symbol vector only depends on the limits 7* and w*.

Proof. Omitted. O

The limit 2°*¢ introduced in property (i) characterizes the steady state behavior of the
variable 2 as a function of the steady state interest rate and the wage. We write &/*%(r, w),
N (r,w), €% (r,w), U (r,w) for steady-state variables as a function of r and w.



1.3 Competitive Equilibrium and Implementability

Definition 1.4: Competitive Equilibrium

A competitive equilibrium in our economy is a collection of quantities
{Y, Ny, By, Cy, A}, tax rates {r;}, and prices {r;, w;} such that:

1. The after-tax wage is given by (1.7).

2. Households optimize given prices: aggregate consumption C} is given by (1.11),
aggregate assets A; are given by (1.9), and aggregate effective labor supply V;
is given by (1.10).

3. Output is given by (1.6).
4. The government budget constraint (1.8) holds.

5. The asset market clears, A; = By, and the goods market clears, C; + G = Y;.

A competitive equilibrium is a steady state equilibrium if all quantities, tax rates, and
prices are constant.

Proposition 1.5
{rs,w:} are part of a competitive equilibrium iff

@i ({rs,ws}) + G = M ({rs, ws}), (1.15)
or alternatively, iff

G+ (At r)dia({rs,ws}) = di({rs, ws}) + (1 = we) A ({rs, ws})- (1.16)

Proof. Necessity

If {ry,w;} are part of a competitive equilibrium, then clearly the goods market clearing
condition (1.15) has to hold, once optimal consumption and labor supply have been sub-
stituted in. Likewise, the government budget constraint (1.16), with optimal asset demand
A:({rs, ws}) and labor supply #;({rs,ws}), has to hold as well.

Sufficiency

Assume sequences {r, w; } satisfy equation (1.15), then we try to construct a competitive
equilibrium with these sequences.

Define 7 =1 — wy, Cy = G({rs, ws}), By = Ay = di({rs,ws}), Ny =Yy = M ({rs, ws}).
Then, these objects satisfy condition 1,2,3, and 5 of Definition 1.4.

Now we consider condition 4, the government budget constraint.

The optimal household policies must satisfy the consolidated household budget con-
straint,

%t({r&wS}) + ﬂt({rsaws}) = (1 + rt)dt—l({rs’wS}) + wt‘/Vt({TS?wS})v

which is (1.2) integrated across households 4.

Substituting out &; using (1.15), we obtain equation (1.16), which is exactly condition
4.

This shows that (1.15) is sufficient for a competitive equilibrium. Reversing the proce-
dure, (1.16) is also sufficient for a competitive equilibrium. O



1.4 Infinitely Anticipated Shocks and Discounted Elasticities

Using the sequence-space function for asset demand (1.9), we see that the date t = s+ h re-
sponse, in percentage points of steady state assets, is given by the derivative (semi-elasticity)
Oln ol /Ors, where h runs from —s to co. For s sufficiently large, these derivatives become
independent of s, and only depend on the time horizon h relative to the date of the antici-
pated shock. Also, the derivatives (elasticities) of labor supply to an increase in labor income
taxes (equivalent to a decrease in after-tax wages) can be written as —9In W11, /0 In wg, with
a large date s.

One way to summarize responses to infinitely anticipated shocks is to discount them
relative to the period of the shock. For a general discount § € [3,1]%, define the following
discounted elasticities,

A(6) = lim Z 5halndé+h

s—>c>oh__g org
and
Jln J,
N,T — N,w — : pY I Hs+h
€77(0) = e (9) Sggoh:_s nw,

and similarly ¢V*(§), ¢“"(§) and so on.
Now we explain that the discounted elasticities defined here are indeed well-defined in
our model.

Lemma 1.6: Existence of Discounted Elasticities

Let 2 be a sequence-space function of sequences {rs, w;}. The discounted derivative

T Z 5h%

S—00 org

evaluated around constant paths rs =7, ws = w, is well-defined for § € 3, 1]“.

%The result for derivatives w.r.t. ws follows analogously.

Proof. Because a constant path is obviously a convergent sequence, 2 is Fréchet-differentiable
by Proposition 1.3. Represent it derivative by the 8-quasi-Toeplitz matrix M = [M, ], which
we decompose into

(i) The Toeplitz portion T(a) = [a;—s];%—o, where a is the symbol vector as in Proposition
1.3.

(ii) The correction term E = [M; 4], defined as Fy = My s — a

t—s-

Then the derivative can be written as

. 8=%‘s h =
81520 gh=2sth —51%0 Z 6" Myips = lim Z " (an + Eopn.s)-

=—3s h=—

By Lemma 1.7, we have that

Jim Z MEgins=0.
h=—s

3The discount factor § is left general for the moment. It will take the role of the social discount factor,
so a natural baseline will be to assume it equals the private discount factor, 6 = 3.



Thus,

oo o0
lim Y §"Moips= lim > §"ap,
S—}OOh §—00

=—s h=—s
which exists by equation (1.13). This proves existence of the discounted elasticities. O
Lemma 1.7

In the proof of Lemma 1.6,

o
Jm > 1Bl =0
h=—o00

where we use the notation F; ; = 0 for j < 0°.

2This sum is well-defined by (1.14), V§ € [3, 1].

Proof. By equation (1.13), we have

Wm M, ips = an,
§— 00

which implies that
lim ‘E3+h15| = lim ‘Ms+h,s — ahl =0.
S§— 00 S§— 00

By equation (1.14), 3D > 0,4 € (0,1), s.t.

Dyt h>0
Mt,s|<{D(ﬂ¢)h h<0

Similarly, for the symbol vector (as well as the limit of My, 5), 3D" > 0,9 € (0,1), s.t.

an] < D'yt h>0
"EDBY) T h<o

Thus,

(D + D')yph h>0

Es s:Ms s —a SMs sl tla S .
Bl = Mons = anl < [ sl + o {(Dw,)w)h =

Multiplying both sides by 6" and taking the sum one yields

S 6’1(@)}1]

Z 5h|Es+h,s| S (D +D/)

h=—o00 h=0 h=—o00
) 00 h
=(D+D) |3 (o) +> <§¢> .
h=0 h=1

Since 69 < 1 and Bi/d < 1, this summable function converges. That is, 6"|Es p ¢ is
dominated by a function which is independent of s.
Finally, by the Dominated Convergence Theorem, we have

(oo}

[T SRCCARES SR )

h=—o00



2 Sequence-Space Approach to Ramsey Taxation

2.1 Ramsey Problem

The full-commitment Ramsey planner maximizes utilitarian welfare each period, discounted
at 0 € [B,1),

Z(St%t({rs,ws}) (2.1)
t=0

by choice of the time path of prices {rs, ws}, s.t. either (1.15) or (1.16). It is simpler to
work with the government budget constraint (1.16) as an implementability condition, and
we do this from now on. The wage ws; = 1 — 75 is controlled directly by the planner, and the
interest rate 7 is endogenously determined by (1.16). Not bearing on any of our results,
this problem allows the planner to choose the date-0 return rg.

Let A; be the current-value multiplier on the implementability constraint. Define the
Lagrangian:

&= Z M Usin + Z 5h/\s+h[ﬂs+h + (1 = weqn)Nsgn — G — (L +roqn)Dsin_1].
h=-—s h=-—s

The FOC w.r.t. rg:

oo

ou = od. N, OA gy 1
h s+h hys+h s+h _ s+h _ s+h—1 . _
h;gé 787”3 +h;S(S A |:87’s + (1 ’werh)iars (1 + rs+h)73rs ] )\Sﬂsfl 0.

(2.2)
The FOC w.r.t. ws:

= 0% > od. N, OA gyp_
h s+h h\s+h s+h 1_ s+h el s+h—1 _ _
h;sd “ow. +h:§785 A {6% + (1 — wsyn) B, ( +rs+h)7aws ] AsHs = 0.

(2.3)
For any Ramsey plan {rs, ws}, these two necessary FOCs need to be satisfied.

2.2 Ramsey Steady State

Definition 2.1: Ramsey Steady State

A steady-state equilibrium consisting of quantities Y, N, B,C, A, a tax rate 7, and
prices r,w is called a Ramsey steady state (RSS, hereafter) of the economy if there
exists a Ramsey plan such that €, — C, oy — A, Ny — N, wy — w, ry —> 1.

The next lemma shows that we only need convergence of the two price sequences to
define a RSS, convergence of all other equilibrium objects follows.

Lemma 2.2

A steady-state equilibrium with prices r, w is a RSS iff there is a Ramsey plan {rs, ws}
with r; — r and w; — w.

Proof. Necessity

Satisfied directly by Definition 2.1.

Sufficiency

Take a steady state equilibrium with prices r, w. Suppose there is a Ramsey plan
{rs,ws} with r, — r and w; — w. By Proposition 1.3, €; — €**(r,w), & — A**(r,w),
and A — N5 (r,w). O



It is useful to define a unit-less measure of liquidity in any steady state of the economy,

A
= —,
wN
as the ratio of available assets for self-insurance to aggregate after-tax income. Moreover,
define the effective marginal rate of substitution between a one-time interest rate increase
and a one-time wage increase around some steady state as

eU.w
MRS(9) = EU‘T((;S))

Now we derive the discounted elasticities of utility when 6 = 3, then the MRS(f).

Lemma 2.3

It § = 8, then
o 0% ,
¥ (B) = slggo Z 5h3T;h = w/uc(cz‘,t,ni,t)ei,tni,td% (2.4)
h=—s s
and -
Uriay _ 11 nOUsin .
e (B) = Jlim Z B . Uc(Ciyty Mt ) @i g1 (2.5)

Proof. We focus on (2.4); (2.5) follows analogously.
Observe that by (1.1),

Z ﬁs+}l%s+h = /Eozﬁtu(ciwt7ni’t)di7
t=0

h=—s -

so that, around a steady state with r and w, taking the derivative w.r.t. Inw;, one yields

i goth OUsin _ / OEo > 72, /Btu(ci,tvni,t)di _ w/ OBy Y72 Blulcir,mit)

0lnw, Olnws Ows di.

h=—s
Applying the Envelope Theorem to (1.1) with budget constraint (1.2), we find that

OFo > oo Blulcie, niy)
Ows

ou(ci,s, Nis)

ow,

= ﬁS]EO = BSEO[uc(Ci,sani,s)ei,sni,s]-

Combining the two equations above, we have

oo
OUs+h , .
> gt = ﬁsw/EO[UC(Ci,sani,s)ei,sni,s]dl = Bsw/uc(ci,s,ni,s)ei,sni,sdl.

= Olnws
This directly implies (2.4). O
By Lemma 2.3, we obtain

w [ we(Cip,nig)esnidi 1 w [ ue(Cip, ni ) LR

Juc(cis,nit)aiz—1di € J ue(cig, nig) 2t di

MRS(B) = (2.6)



2.3 RSS Condition: Converging Multiplier
Proposition 2.4

If a pair of prices (r,w) is part of a RSS of a Ramsey plan with converging Lagrange
multipliers )¢, then two conditions have to hold:

1. The steady state government constraint:

G+rd*(ryw) = (1 —w)N**(r,w). (2.7)

2. Either the following RSS optimality condition,

[(1—5(1+r))-f-(MRs.eA>’"+eAvf)] - [l_w(—eNﬂ“ ~ MRS - M| - [K-MRS—1] —0,

w

(2.8)

where we omitted & as an argument of the elasticities and the MRS, or the
unconstrained optimality conditions?,

U = U = .

“We allow for this case for completeness, though mathematically this can never be satisfies if
§ = f3, see the proof.

Proof. We begin with the trivial case. Let \; converge to some value . If A = 0, the RSS
must be at the unconstrained optimum, that is,

= OUsin = OUsin
ShEEth L, ShZEth g,
h;g or, h;g Ows

To derive (2.8), we instead work with the case where A # 0.

By Lemma 2.2, convergence of {r;,w;} implies that all the curly functions converge to
their steady state values, evaluated at (r,w). In particular, the implementability condition
(1.16) must converge to the steady state government budget constraint as t — oo, which is
exactly (2.7).

We begin deriving (2.8) by taking limits of the FOCs (2.2) and (2.3) as s — oo, and
by simplifying the resulting expressions. Since these steps are almost exactly analogous for
both FOCs, we focus on (2.2).

We first need to ensure that the limits of (2.2) exist. Since the first term

oo

U
. h s+h _ Ur
Jm 3 857 =0

h=—s

and the last term
lim Agds_1 = NS (1, w),

S§— 00

we only need to consider the second term, or actually, arbitrary one sum of it.

Recall that matrix [%ft] is pf-quasi-Toeplitz. Denote by a = (a;) the symbol vector
slt,s

of this matrix and by E; ; = % — ay,s its correction matrix. To introduce the multiplier,

define M; ; = X\ gf*. It is trivial to show that M, s is S-quasi Toeplitz. Thus, by Lemma

1.7, we have that

. h s+h h _ ss A,r
Shggo héf 0" Astn o, E 0" Aap, = N (r, w)e™"(0).

h=—o00



Analogous steps show that

Jim h;S 8" Negn(1— ws_,_h)a'g/;:h = A1 — w) W% (r,w)e™ T (6),
and
: - 8.52{5 h— 88 T
Jim. h;g 5" Ngyn(1+ th)T;l = A(1 4 ) (r,w)e? ™ (),

Taken together, the preceding limit analysis establishes that a limit of all the terms in
(2.2) exists, with the limiting equation

U 4\ [AEAJ' +(1— w)NeM™ — §(1 + r)AeAﬂ”} A =0, (2.9)

where we abbreviate assets and labor supply at the RSS as A = o/*°(r,w) and N =
N (r w).
The limit of (2.3) can similarly found to be

U A[Aed ™ 4 (1 —w)NeMT — §(1 + r)AGAﬂ — ANw = 0. (2.10)
Using the definition for liquidity ¢, we simplify (2.9) and (2.10), obtaining
-1 A4—=1, Ur Ar l—w N,r
ATTAT e+ (1 =01 +7))le™ +Te T —¢ =0,
1
AAT 20 (1 —6(1 4 7)™ + —wweNﬂ” —1=0.

By eliminating A from those two equations, we finally derive (2.8). O

We decompose the LHS of optimality condition (2.8) into three items, corresponding to
different economic intuitions:

(i) [(1=6(1+7))-£-(MRS- 4" 4+ €47)], the liquidity effect. The planner can raise the
present value of resources by issuing more debt when there is a gap between the social
discount factor § and the interest rate. Since S(1 + r) < 1 in any steady state, this
term takes a positive sign whenever § = (3, but it can be negative when the planner
uses a relatively high §.

(ii)) — [1_—“’(—61\” — MRS - eN’T)], the labor supply. It captures any disincentive effects

w
on labor supply of greater labor income taxation and interest rates. One would intuit

that this term is negative, indicating lower labor supply, but this will not always be
the case.

(iii) —(¢-MRS—1), the redistribution. It demonstrates that combined increase in interest
rates and labor income taxes has distributional consequences.

Proposition 2.5

Assume u(c, n) is log-separable, as in (1.5). Then, condition (2.8) is equivalent to

1—
(1—5(1+7)ee + TweN”" + (e +1)9m — ¢ =0. (2.11)

Proof. Omitted. O

10



2.4 RSS Condition: Diverging Multiplier
Proposition 2.6

If a pair of prices (r,w) is part of a RSS of a Ramsey plan with diverging Lagrange
multipliers, \; — oo with A\;/A\;—1 — 7 € [1,67 ], then the government budget
constraint (2.7) as well as two optimality conditions

1—w

(1—0n(1 +7))tet™ — (=) +1 =0, (2.12)

w

1—w

(1 —6n(1 + 7))t — (=) —¢ =0, (2.13)

w

have to hold. Here, we omitted dn as an argument of the elasticities.

Proof. Omitted. O

3 Quantitative Analysis

3.1 Solution Method and Calibration

With a converging multiplier, we determine the RSS as figure 1. Following the dual ap-
proach, we look for a pair of an interest rate » and a labor income tax rate 7 = 1 — w, on
the y-axis and the x-axis, respectively, s.t.

(i) The government budget constraint (2.7) (black line) requires that higher r i.e., liquidity
provision, which need to be financed by greater 7.

(ii) The optimality condition (2.8) (red line) requires that we optimally resolve the trade-
off between r and 7.

Interest rate r Optimality condition
A (for some social discount factor &)
gov. budget constraint
immiseration
(zero income)
N
0% Labor income tax T 100%

Figure 1: Determination of the RSS

Notice that the highest r consistent with the government budget constraint is strictly
below the private discount rate 3~! — 1, because of positive government spending G > 0.

In this section, we focus on log-separable preferences (1.5) for all the quantitative exer-
cises. And as a starting point, we use the following baseline calibration of the economy,

e The preferences u(c,n) = lnc — lnn, that is, v(n) is isoelastic with a Frisch elasticity
of 1.
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e The idiosyncratic productivities e; ; = 0.90¢; ;—1 + &, with o. = 0.92.

e The initial steady state of the economy is B/Y = 100%, G/Y = 20%. This implies
B = 0.897 to satisfy asset market clearing, and 7 = 22% to satisfy the government
budget constraint.

3.2 Searching for a RSS

Initially, we set 6 = § as a baseline. We search for a RSS by varying 7, then solving for
the associated r that satisfies (2.7), and finally by evaluating (2.8) for that pair of 7 and
r. Since w = 1 — 7, we can think of the approach as walking from the bottom left to the
top right corner along the black line in figure 1, always evaluating the optimality condition
(2.8), seeing whether it ever crosses zero.

Figure 2 plots the three terms on the LHS of (2.8) as well as the sum of all terms. As
expected, the liquidity effect is positive, and the redistribution is negative. But the labor
supply effect is positive, indicating that 7 1 i.e., r 1 lead to é'n; 1. Moreover, this prevents
the sum of all three effects from ever crossing zero. Thus, there is no RSS with a converging
multiplier in this economy. We have checked the FOCs with exploding multipliers and do
not find a RSS, too.

—— Total
15

Liquidity

---- Labor
—— Redistribution

0.2 0.4 0.6 0.8 1.0
Labor income tax T

Figure 2: Optimality condition with § = 3

We next set 6 = 1. This can be interpreted as a planner that is maximizing steady state
welfare only, ignoring the transition it takes to reach the RSS.

Figure 3 plots the calculation. Unlike the baseline result, liquidity benefit is now negative,
and the redistribution is now positive. The labor supply now go in the intuitive direction
and turn negative eventually. This ensures a unique intersection of (2.8) with zero, and
hence a unique optimal steady state (OSS, hereafter) in this economy.

Total

— Liquidity

—44 ---- Labor

— = Redistribution

5
0.2 04 0.6 0.8 1.0
Labor income tax T

Figure 3: Optimality condition with § =1
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Figure 4 follows this approach, and computes various outcomes, whenever a candidate
RSS for a given § € [3,1) was found®. As d is moved from 1 to 3, many quantities and
prices approach a corner. The grey-dotted vertical line shows the result with § = 5. In this
case, the household tends to immiseration: the labor tax rates 7, — 100%, and after-tax
wages wy — 0.

(a) Consumption and output (b) Labor tax and after-tax wage (¢) Liquidity and government debt
1.0 1.0 ¥ 20
S \ — Alter-tax wage Gov. debt to after-tax income
— \
— = Labor tax \ ---- Government debt

08 ~ 08

/’ S 15 ‘\

0.61: / " 0.6 e ]
e
( ,' sl 10
/ - QR .

044]/ 04 ~ ~

i / T~
i T
28 02 5 D
0. . —
! — cop /22 N
f -- Consumption / ----------
004! 0041 oli
0.90 092 094 09 098 1.00 090 092 094 096 098 1.00 0.90 0.92 0.94 09 098 1.00
Social discount factor & Social discount factor & Social discount factor &

Figure 4: RSS as function of § € [8,1)

4 Immiseration Results with Different Preferences

4.1 Baseline: Log-Separable Preferences

Motivated by figure 4, we next provide a necessary condition that specifically captures
immiseration dynamics in the case of log-separable preferences (1.5). To prove our main
result, we firstly introduce the detrending approach worked for the sequence space functions,
with KPR preferences.

Lemma 4.1: Detrending

Assume u(e, n) is balanced growth compatible, as in (1.4). V{ry, w:}, Vv € (0,1),

—0 1 +Ts —s —0o
U({rs,ws}, ) = 7(1 )t%t <{ ~ — 1, wsy }aﬂ’yl ) s

'Q{t({rs;ws}aﬁ) = ’Yt.th <{ 1 -;7"3 — st,-y—s} 7671_0> 7

147, _ .
Hiltrevwa). ) =4 ({222~ Ly b))
Proof. Rewriting the household problem that is aggregated by sequence-space functions

U, A, N,
max Eq lz ﬂtu(ci,tyni,t)] )

t=0
s.t.

Cit+aip = (1+7e)a; -1+ wee; 1y,
a;y > 0.

4In fact, there is only a small interval of positive measure [3, @) just above § in which ¢ do not give rise
to a candidate RSS.
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Define ¢;; = c¢;¢ /’yt and a;; = ag /’yt as detrended consumption and asset holdings. By
dividing 4, the problem can be represented as

o0
max Eq Zﬂt’y(ka)tu(éi,t,ni,t) ;

t=0
S.t.
R . 1+7r, -
Cit+ Qi = Qit—1+7Y twtei,tni,h
ai+ > 0.
This immediately implies the relationships in the lemma. O

Proposition 4.2
Assume u(e,n) is of the log-separable form, (1.5). Let {r, w:} be an optimal Ramsey
plan s.t.
(i) w; — 0 with asymptotic decay factor v € [, 1), that is, Ilim w; /v > 0.
(i) re > r<~/p—1
(iii) \; — 400 with asymptotic factor n € (1,571), that is, Ilim \;/n* > 0.

Then, the following two conditions have to hold, evaluated at a detrended steady
state with interest rate 1 +7# = (1 + r)/v, the same discount factor 3, and wage
w=1:

1. An immiseration-adjusted government budget constraint

G = N (F, ). (4.1)

2. An immiseration-adjusted optimality condition

eV (6m) = N (6n) = 0. (4.2)

Proof. Consider the FOCs (2.2) and (2.3). For simplicity, again, we focus on (2.2). We
detrend this equation using Lemma 4.1 by defining 1 + 75 = (1 +75)/v, 1 +7# =1+ 1)/,
1+ s = ws/v°, and all sequences-space functions with a hat, 2 if they are evaluated

around the detreded sequences {rs, w;}.
Then, (2.2) becomes

oo

86225 . s+h s 8.5225 ~ s+h 8‘/’75 s+h— ads — s—1 7
Z 6h7+h+ Z (S}L)\é-"_} |:Y +h7+h + (1 - w5+h’)/ +h )TM - 'Y + 1(1 + Ts+h)(.;1] _>\57 ldsfl =

h=—s s h=—s

Dividing by As one yields

1 &, 0%, e S LA e O, s N A 1
A Z 5hT+h+ Z g \ l’V +h 8r+h + (1 — Wsyny +h)T+h R ! +7“s+h)0n;hl] —y* 1 =0
S h=—s S h=—s S S S S

As s — 0o, by assumptions, all terms converges to zero except for the agjf”' term, since
wy — 0, which approaches
oo O oo O
Asth 6/V,+; 8/V,+;
lim » gh SRR o o)== = N (o) = 0,
s$—00 2—:9 )\S 87”5 h;m( 77) 87"5 ( 77)
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when evaluated around a detrended steady state with @ =1 and 14+ 7= (141r)/7.
Using the same logic, (2.3) implies that ">7(dn) = 0. Then (4.2) is proved.
Finally, (2.7) is given by

G+v(1+ ft)'yt_ldtfl({f& Ws}) = 'Ytdt({f& ws}) + (1 — 'tht)-/Vt({f& Ws}).
Taking the limit of ¢ — oo, we can find equation (4.1). O

In this detrended economy, the government budget constraint (2.7) collapses to (4.1).
Given any d, the optimal condition (4.2) can then be used to solve for n. A limitation of
this proposition is that is does not allow us to back out the rate at which the economy tends
to immiseration. Instead, (4.1) and (4.2) are two conditions that determine the detrended
interest rate 7 as well as the factor 7.

4.2 Additively Separable Preferences

We now start considering classes of preferences other than the log-separable ones used in
the previous section.
Beginning by considering additively separable preferences,

l—0 __ 1 14+v

C n

140’

- ¢

u(c,n) =
(e,n) = ——
where ¢ > 0 is a constant and v is the inverse of the Frisch elasticity of labor supply. For
o # 1, these preferences are no longer compatible with balanced growth. We consider two
different cases distinguished by the value of EIS, as in figure 5.

(@ EIS>1 (b) EIS < 1
Interest rate r Optimality condition Interest rate r Optimality condition
(for some social discount factor &) (for some social discount factor &)
1/-1 /-1
gov. budget constraint gov. budget constraint
0% Labor income tax 7 100% 0% Labor income tax 7 100%

Figure 5: RSS conditions with additively separable preferences

In panel (a) with an EIS>1, the static substitution effect from wage changes is stronger
than the static income effect. Thus, 7 1, w |, n J. As the labor tax gets closer to 100%,
mn |, 7 |. The government budget constraint exhibits a hump-shaped profile.

With low government spending G, i.e., higher budget constraint line, there are in princi-
ple two candidate RSS, V§ > 3. When G becomes higher, there may be no any intersection
between the two curves.

In panel (b) with an EIS<1, we have the opposite: 7 1, n 1, 7n 1, r 1. There always
exists a unique candidate RSS, albeit one with labor income taxes incredibly close to 100%,
suggesting the economy is going to near-immiseration in this case. See figure 6 for example,
where we choose o = 2.

4.3 GHH Preferences

We next move on to study Greenwood et al. (1988) preferences, or GHH preferences for

short: .
14v -0
(c — ’Lru ) -1

l1—0

u(e,m) =

15


https://www.jstor.org/stable/1809141

(a) Net liquidity benefit (b) Varying the social discount factor

12

—— Total ---- Labor tax
10 — Liquidity —— Consumption
8 ---- Labor

—— Redistribution

0.0 4
0.2 0.4 0.6 0.8 1.0 0.875 0900 0925 0950 0.975 1.000
Labor income tax T Social discount factor §

Figure 6: RSS for additively separable preferences with EIS<1

These preferences are designed to feature no income effects on labor supply, so that they
are conceptually similar to additively separable preferences with an EIS>1.

With G/Y = 0.25, we find two potential RSS (figure 7a). With slightly higher value,
G/Y = 0.31, there is no RSS with a converging multiplier (figure 7a).

(a) Low government spending G (b) High government spending G

Total

— Liquidity
---- Labor
—— Redistribution

Total
— Liquidity
---- Labor

—— Redistribution

0.3 0.4 0.5 0.6 0.7 0.35 0.40 0.45 0.50 0.55 0.60
Labor income tax T Labor income tax T

Figure 7: RSS for GHH preferences

4.4 KPR Preferences

Lastly, we consider the balanced-growth compatible (KPR) preferences, as in (1.4). Figure
8 considers the case of ¢ = 2. We do find a RSS, but the associated tax rate is very high,
above 90%, towards near-immiseration.

(a) Net liquidity benefit (b) Varying the social discount factor
10 1.0
5
0.8
0
0.6
AN ---- Labor tax
-5 N —— Consumption
04 N
107 — Toal ] T
— Liquidity | | T
lqul 1 y o24: T
~15{ ---- Labor
—— Redistribution
-20 0.0
0.2 0.4 0.6 0.8 1.0 0.80 0.85 0.90 0.95 1.00
Labor income tax T Social discount factor &

Figure 8: RSS for KPR preferences with EIS<1
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