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Chapter 1

Introduction to Dynamic
Analysis

1.1 Dynamic Optimization

1.1.1 Convex Function

We begin by introducing the most fundamental concept in convex analysis: the convex
set and the convex function. Here we define an operator φ(x, y) = αx + (1 − α)y, where
α ∈ [0, 1].

Definition 1.1.1: Convex Set

A ⊂ X is a convex set, if ∀x, y ∈ A, ∀α ∈ [0, 1], φ(x, y) ∈ A.

Definition 1.1.2: Convex Function

f : Rn → R is a convex function, if dom(f) is a convex set and ∀x, y ∈ dom(f),
∀α ∈ [0, 1], there have f(φ(x, y)) ≤ φ(f(x), f(y)). (strictly convex if f(φ(x, y)) 6=
φ(f(x), f(y)).).

The convex function admits the following two equivalent conditions.

Proposition 1.1.3

If f : Rn → R is differentiable and dom(f) is a convex set, then f is a convex function
iff ∀x, y ∈ dom(f), f(y) ≥ f(x) +∇f(x)T (y − x).

Proof. Necessity: Suppose f is convex, then ∀x, y ∈ dom(f), ∀α ∈ (0, 1], we have f(x +

α(y − x)) ≤ f(x) + α(f(y)− f(x)), i.e.

f(x+ α(y − x))− f(x)

α
≤ f(y)− f(x).

3
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Then taking α→ 0+ and yields

lim
α→0+

f(x+ α(y − x))− f(x)

α
= ∇f(x)T (y − x) ≤ f(y)− f(x).

Sufficiency: Denote z = φ(x, y). Suppose the condition holds, ∀x, y ∈ dom(f), ∀α ∈
[0, 1], we have

f(x) ≥ f(z) +∇f(z)T (x− z),

f(y) ≥ f(z) +∇f(z)T (y − z).

We obtain

φ(f(x), f(y)) ≥ f(z) +∇f(z)T [α(x− z) + (1− α)(y − z)] = f(z) = f(φ(x, y)).

Thus, f is convex.

Proposition 1.1.4

If f : Rn → R is twice differentiable and dom(f) is a convex set, then then f is
a convex function iff ∀x ∈ dom(f), ∇2f(x) � 0 i.e., the Hessian is positive semi-
definite.

Proof. Necessity: Suppose f is convex, take the second-order Taylor expansion to f at x,
we obtain

f(x+ δx) = f(x) +∇f(x)T δx+
1

2
δxT∇2f(x)δx+R(x; δx)||δx||2,

where R(x; δx) → 0 as δx→ 0.
Since f(x+ δx) ≥ f(x) +∇f(x)T δx, ∀δx we have

δxT∇2f(x)δx+R(x; δx)||δx||2 ≥ 0.

Let δx = εd, taking ε→ 0 and yields dT∇2f(x)d ≥ 0, ∀d. Thus ∇2f(x) � 0.
Sufficiency: Denote z = φ(x, y). Suppose the condition holds, ∀x, y ∈ dom(f), ∀α ∈

[0, 1], we have

f(y) = f(x+ (y − x))

= f(x) +∇f(x)T (y − x) +
1

2
(y − x)T∇2f(z)(y − x)

≥ f(x) +∇f(x)T (y − x).

By Proposition 1.1.3, f is convex.

For a unconstrained optimization problem:

inf
x∈Rn

f(x).
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By Proposition 1.1.3, if ∇f(x) = 0, then ∀y ∈ dom(f), f(y) ≥ f(x). It shows that such
x is the minimum point.

1.1.2 Lagrangian Method

Now we turn to discuss the constrained optimization problem:

inf
x∈Rn

f(x),

s.t.

gi(x) ≤ 0, i = 1, ...,m,

hj(x) = 0, j = 1, ..., p

Denote x∗ as the minimum point and p∗ as the solution, i.e., p∗ = infx∈Γ(·) f(x
∗).

Then We define the Lagrangian of the primal problem:

L(x, λ, ϕ) = f(x) + λg + ϕh,

where (λ, ϕ) are the Lagrange multipliers associated with constraints, and λ > 0.
The dual function is defined as ψ(λ, ϕ) = infx∈X L(x, λ, ϕ), and we denote the minimum

point x = π(λ, ϕ). By taking the infimum simultaneously on both sides of the equality, we
obtain ψ(λ, ϕ) ≤ p∗, in other words, p∗ is the upper bound of ψ(λ, ϕ). So the dual problem
can be represented as

d∗ = sup
(λ,ϕ)∈Rm×Rp

ψ(λ, ϕ).

We call d∗ − p∗ ≤ 0 the duality gap, and if d∗ − p∗ = 0, then we say the strong duality
of dual problem holds. To ensure the solution implied from a dual problem is equivalent to
that of primal problem, one shall require the strong duality.

If f, g, h are all differentiable, then a first-order necessary condition for optimality, as
known as Karash-Kuhn-Tacker condition, are given by

∇f(x) +∇g(x) · λ+∇h(x) · ϕ = 0,

λ · g(x) = 0, g(x) ≤ 0, h(x) = 0.

1.1.3 Optimal Control

See Acemoglu (2007) chapter 7.

1.2 Application: Basic Ramsey-Cass-Koopmans Model

1.2.1 Environment

We introduce a basic deterministic Ramsey-Cass-Koopmans model in discrete time, which
has no government sector, but population growth and technological growth. In addition, we
only considered a sequential trading asset market and the notion of sequential competitive
equilibrium.

https://press.princeton.edu/books/hardcover/9780691132921/introduction-to-modern-economic-growth
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For households, there is a continuum of households of measure unity. Each household
consists of identical members whose size grows at gross rate gn. Household derives utility
from consumption according to the following function:

∞∑
t=0

(βgn)
tu(ct),

where β ∈ (0, 1) is the subjective discount factor and ct represent a household member’s
consumption. To ensure the solution properties of the decision problem, we assume ∂u

∂c > 0,
∂2u
∂c2 < 0 and limc→0 u(c, ·) = ∞.

Households receive income from firms by renting capital and supplying labor. Then a
representative household’s budget constraint is given by

ct + it = Rtkt + wtn,

where it, kt, Rt, and wt represent investment, capital, the rental rate, and the wage rate,
respectively.

Naturally, the dynamic transfer of assets should satisfy:

gnkt+1 = (1− δ)kt + it,

where δ ∈ (0, 1) is the depreciation rate of capital.
By the FOCs, we obtain the Euler equation of household’s UMP:

uc(ct+1)

uc(ct)
=

1

β(Rt+1 + 1− δ)
.

Moreover, we impose the transversality condition as follows:

lim
t→∞

βtuc(ct, nt)kt+1 = 0.

Combined the FOCs with two constraints, one has derived the optimal decision concern-
ing {ct, kt+1, it}∞t=0, under the given sequences of market price Rt.

For firms, there is a continuum of identical firms of measure unity. Each firm combines
capital and labor to produce goods using a CRS production function. Technology At growth
at the gross rate ga so that At+1 = gaAt. The aggregate production is given by

Yt = F (Kt, AtLt),

where Yt, Kt, and Lt represent aggregate output, capital, and labor, resprectively. Assume
that F is homogeneous of degree one and satisfies F (0, ·) = F (·, 0) = F (0, 0) = 0, ∂F

∂K > 0,
∂F
∂L > 0, ∂2F

∂K2 < 0, ∂
2F
∂L2 < 0, and Inada conditions.

Since the firm rents capital and hires labor each period, it solves the following static
problem1:

Πt = max
Kt,Lt

F (Kt, AtLt)−RtKt − wtLt.

1The price of the output is normalized as 1.
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Its optimal solution implies,

∂F (Kt, AtLt)

∂Kt
= Rt,

∂F (Kt, AtLt)

∂Lt
= wt.

In this model, a sequential competitive equilibrium consists sequences of per capita
quantities {ct, kt+1, it}∞t=0, aggregate quantities {Ct, It, Lt,Kt+1}∞t=0, and price {wt, Rt}∞t=0

such that:

1. Given prices, {ct, kt+1, it}∞t=0 solve the UMP.

2. Given prices, {Kt, Lt} solve the PMP.

3. All markets clear, in the sense that Ct+ It = F (Kt, AtLt) or in the form of per capita
ct + it = F (kt, At l̄).

To discuss the efficiency of equilibrium, we consider a social planner’s problem in which
the social planner chooses consumption, and investment to maximize a representative house-
hold’s utility subject to the resource constraint.

Specifically, social planner chooses ct, it, and kt+1 so that solve the following problem:

max
ct,it

∞∑
t=0

βtNtu(ct, lt)

s.t.

Nt(ct + it) = F (Ntkt, AtNt l̄),

Ntkt+1 = (1− δ)Nt−1kt +Ntit.

The Euler equation is given by

uc(ct+1)

uc(ct)
=

1

β(Fk(kt, At+1 l̄) + 1− δ)
.

It shows that the allocations under the social planner is the same as that of the decen-
tralized equilibrium. In other words, the allocations and prices in this model reached the
Pareto optimality.

1.2.2 Solution

In this section, we use a CIES utility function u(ct) =
c1−σ
t

1−σ where σ > 0 and σ 6= 1, and a
Cobb-Douglas production function F (Kt, AtLt) = Kα

t (AtLt)
1−α, where α ∈ (0, 1).

The complete economic dynamic system can be expressed as

uc(ct) = βuc(ct+1)[Fk(kt, At+1 l̄) + 1− δ],

Nt(ct + it) = F (Ntkt, AtNt l̄),

Ntkt+1 = (1− δ)Nt−1kt +Ntit.
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By de-trending the population growth and technical progress NtAt, we obtain a stable
dynamic system:

uc(c̃t) = βg−σa uc(c̃t+1)[Fk(k̃t+1, l̄) + 1− δ],

c̃t + ĩt = F (k̃t, l̄),

gngak̃t+1 = (1− δ)k̃t + ĩt,

where c̃t = ct
NtAt

, k̃t = kt
NtAt

, and ĩt =
it

NtAt
.

In steady state, the fixed point satisfies c̃t = c̃t+1 = c̄, k̃t = k̃t+1 = k̄, and the system
can be represented as

1 = βg−σa [Fk(k̄, l̄) + 1− δ],

gngak̄ = (1− δ)k̄ + F (k̄, l̄)− c̄,

where F (k̄, l̄) = k̄α l̄1−α.
We derive the steady state of capital and consumption as

k̄ =

[
gσaβ

−1 − (1− δ)

α

] 1
α−1

· l̄,

c̄ = (1− δ − gnga)k̄ + F (k̄, l̄).

Then we consider the log-linear approximation of this system:

k̂t+1 =
(1− δ)k̄ + αF (k̄, l̄)

gngak̄
k̂t −

c̄

gngak̄
ĉt,

ĉt+1 = ĉt +
βα(α− 1)

σ

F (k̄, l̄)

k̄
k̂t+1,

where ĉt = ln c̃t − ln c̄t ≈ c̃t−c̄t
c̄t

, and k̂t = ln k̃t − ln k̄t ≈ k̃t−k̄t
k̄t

When the growth rate gn = ga = 1, the log-linearized dynamic system can be simplified
as

∆k̂t = k̂t+1 − k̂t = (β−1 − 1)k̂t −
c̄

k̄
ĉt,

∆ĉt = ĉt+1 − ĉt =
βα(α− 1)

σ

F (k̄, l̄)

k̄
k̂t+1.

Qualitatively, the system shows that ∂∆k̂t
∂k̂t

> 0, ∂∆k̂t
∂ĉt

< 0, and ∂∆ĉt
∂k̂t

< 0. Consider the
isocline for two variables, we obtain

∆ĉt = 0 ⇒ k̂t = 0,

∆k̂t = 0 ⇒ k̂t =
1

β−1 − 1

c̄

k̄
ĉt.

Then the phase diagram can be showed as
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Figure 1.1: Phase diagram of basic Ramsey model

1.3 Application: Dynamic Input-Output Network Model
Comparing to the static input-output models (Acemoglu et al., 2012), the dynamic version
shows how temporary shocks affects persistently due to adjustment costs in input-output
linkages.

In this section, We extend the social planner’s problem by Liu and Tsyvinski (2024) to
a decentralized economy.

1.3.1 Environment

In this continuous-time model, there is a representative consumer with exogenous labor
supply l̄ and N production sectors that produce from labor and intermediate inputs. The
consumer has utility

V ≡
∫ ∞

0

e−ρt ln c(t)dt,

where c(t) is a Cobb-Douglas aggregator over sectoral goods j = 1, ..., N :

c(t) =

N∏
j=1

cj(t)
βj ,

N∑
j=1

βj = 1,

where βi > 0. By the property of Cobb-Douglas utility, the demand function becomes

pj(t)cj(t) = βjZ(t), (1.3.1)

where pj(t) is the price of good j, Z(t) is the total expenditure.
At each time t, the output of production i satisfies

qi(t) = zi(t)li(t)
αi

N∏
j=1

mij(t)
σij , αi +

N∑
j=1

σij = 1,

where 0 < αi, σij < 1, zi(t) is TFP, li(t) is the amount of labor used, and mij(t) is the
amount of the intermediate good of the sector j used in the production of the good i.

To use input mij at time t, firm i needs to buy

sij = mij × exp

(
δ
ṁij

mij

)

https://www.aeaweb.org/articles?id=10.1257/aer.102.1.131
https://academic.oup.com/restud/article-abstract/91/6/3608/7595675
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units of input j. The term exp
(
δ
ṁij

mij

)
represents the adjustment cost that producer i has

to incur when it raises the quantity of input j. The logarithmic form becomes

ṁij(t) = δ−1mij(t)[ln sij(t)− lnmij(t)].

Firm i’s intertemporal problem can be represented as

max
li(·),{sij(·)}

∫ ∞

0

e−ρt

pi(t)qi(t)− w(t)li(t)−
N∑
j=1

pj(t)sij(t)

dt.

The goods and labor market clearing conditions are

qj(t) = cj(t) +

N∑
i=1

sij(t) ∀j, (1.3.2)

N∑
j=1

lj(t) = l̄. (1.3.3)

For simplicity, we assume goods delivered to the consumer are not subject to adjustment
costs, and neither is the use of labor across production sectors.

From now on, wherever it does not cause confusion, we suppress dependence on time t
in the notation.

Consider the current-value Hamiltonian for firm i:

Hi = piqi − wli −
N∑
j=1

pjsij +

N∑
j=1

µijṁij

= piqi − wli −
N∑
j=1

pjsij +

N∑
j=1

µijδ
−1mij(ln sij − lnmij),

where µij denotes the shadow value of mij . The FOCs of control variables become

∂Hi

∂li
: w = piαi

qi
li
, (1.3.4)

∂Hi

∂sij
: µij = δpj

sij
mij

. (1.3.5)

For the state variable, we obtain the Euler equation of µij by FOC:

˙µij = ρµij −
∂Hi

∂mij

= ρµij −
[
piσij

qi
mij

+ µijδ
−1(ln sij − lnmij − 1)

]
.

This is a two-dimensional ODE system about both µij and mij , which is difficult to be
solved directly. Thus, we define ζij ≡ µijmij as the value of input stock. By 1.3.5, we have
ζij = δpjsij .
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Consider the derivative of ζij with respect to t:

ζ̇ij = µ̇ijmij + µijṁij

=

[
ρµij − piσij

qi
mij

− µijδ
−1(ln sij − lnmij − 1)

]
mij + µijδ

−1mij(ln sij − lnmij)

= ρµijmij − piσijqi + µijmijδ
−1

= (ρ+ δ−1)ζij − piσijqi,

which is a linear one-dimensional ODE system.
Recall the transversality condition:

lim
t→∞

e−ρtµij(t)mij(t) = lim
t→∞

e−ρtζij(t) = 0.

Let t = 0, it becomes
lim
t→∞

e−ρtζij(0) = 0,

which implies ζij(0) = 0 as the initial condition.
Then solving the ODE system:

ζij(t) = e(ρ+σ
−1)ζij(0)−

∫ t

0

e(ρ+σ
−1)(t−s)pi(s)σijqi(s)ds.

In equilibrium, economy converges to steady state, i.e, ζ̇ij = 0. Hence,

(ρ+ σ−1)ζij = (ρ+ σ−1)δpjsij = piσijqi,

which can be simplified as
pjsij =

piσijqi
1 + ρδ

. (1.3.6)

In this model, firm i’s demand for input j depends on its own output value piqi, the
input elasticity σij , the adjustment cost δ and the discount rate ρ.

1.3.2 Proportionality Relations

Lemma 1.3.1

For any initial condition {mij(0)}, the solution to the problem features a constant
fraction of each good j being sent to the consumer and to each input user i along
the entire transitional path: ∀i, j, cj(t)

qj(t)
and sj(t)

qt(t)
are time invariant. The solution

also features a constant labor allocation along the entire transition path as ∀j, li(t)

l̄

is also time invariant.

Proof. Define the intermediate input sales proportion by vij ≡ sij
qj

, and the consumption
proportion by ωj = cj

qj
. By 1.3.3, we have

ωj +

N∑
i=1

vij = 1 ∀j, (1.3.7)
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and by 1.3.1, we have
pjqj =

βjZ

ωj
. (1.3.8)

From 1.3.6, dividing both sides by pjqj yields

sij
qj

=
piσijqi

pjqj(1 + ρσ)
,

then by 1.3.7 we obtain
vij ≡

sij
qj

=
σijβiωj

(1 + ρσ)βjωi
. (1.3.9)

Substituting 1.3.9 into 1.3.7, we obtain

ωj +

N∑
i=1

σijβiωj
(1 + ρδ)βjωi

= 1,

then solving for ωj :

ωj =

(
1 +

1

βj

N∑
i=1

σijβi
(1 + ρσ)ωi

)−1

(1.3.10)

In equilibrium, the existence of a solution requires ωj to be constant, ensuring propor-
tionality invariance along the transition path.

Now we consider the labor allocation proportionality. Combining 1.3.3 and 1.3.4:

li
l̄
=

piαiqi∑
k pjαkqk

,

then by 1.3.8 we have
li
l̄
=

αiβiω
−1
i∑

k αkβkω
−1
k

.

When wi is constant, the labor allocation proportionality li
l̄

is proportional to αiβi,
which is constant.

Define

xj(t) ≡ ln

N∑
i=1

sij(t)− ln

N∑
i=1

mij(t),

which is the log-ratio between the quantity of good j supplied to and used by other producers.
In a steady state,

∑
j sij∑
imij

= 1, then ∀j, xj = 0. Away from a steady state, the ratio captures
the proportional adjustment costs incurred for expanding input j in production. One can
prove that both mij(t) and sij(t) grow at rates independent of i during the transition, so
δ−1xj(t) is the rate at which all sectors expand their use of input j.

1.3.3 Solution

In what follows, we use boldface to denote vectors (lower case) and matrices (upper case).
Let Σ ≡ [σij ] denote the matrix of input-output elasticities, and let β denote the N × 1

vector of consumption elasticities. Let α be the vectore of sectoral value-added shares. Let
γ′ ≡ β′(I−Σ)−1 be the vector of Domar weights.
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Lemma 1.3.2: Laws of Motion for Sectoral Output and GDP

Consider the economy recovering at time 0 from a TFP shock vector z̃, then

1. The law of motion for sectoral ouput q is

d lnq

dt
= δ−1Σx(t), (1.3.11)

with initial condition lnq(0) = lnq
ss − β′(I−Σ)−1z̃.

2. The law of motion for GDP is

d ln c(t)

dt
= δ−1β′Σx(t), (1.3.12)

with initial condition ln c(0) = ln css − β′(I−Σ)−1z̃.

3. The path of the log-ratio between inputs supplied and used satisfies

dx(t)

dt
= −δ−1(I−Σ)x(t), (1.3.13)

with initial condition x(0) = z̃.

Proof. Since all sectors uses input j with same growth rate, we have

d

dt
ln

(
N∑
i=1

mij

)
= δ−1xj(t).

By the production function, the output growth rate for sector j becomes

q̇j
qj

=
żj
zj

+ αj
l̇j
lj

+

N∑
k=1

σjk
ṁjk

mjk
.

During recovery, żj = l̇j = 0, thus,

q̇j
qj

=

N∑
k=1

σjk
ṁjk

mjk
= δ−1

N∑
k=1

σjkxk(t).

Transforming this equation into matrix form, 1.3.11 is proved.
Since constant fraction of output allocated to intermediate inputs, we have

d

dt
ln

(
N∑
i=1

sij

)
=

d ln qj
dt

= δ−1
N∑
k=1

σjkxk(t).
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By definition of xj(t),

dxj(t)

dt
=

d

dt
ln

(
N∑
i=1

sij

)
− d

dt
ln

(
N∑
i=1

mij

)

= −δ−1

[
xj(t)−

N∑
k=1

σjkxk(t)

]
.

Transforming this equation into matrix form, 1.3.13 is proved.
Since constant fraction βj of each good j sent to final consumption, taking logarithms

and differentiating the consumption function:

d ln c(t)

dt
=

N∑
j=1

βj
d ln cj(t)

dt
=

N∑
j=1

βj
d ln qj(t)

dt
.

By 1.3.11, 1.3.12 is proved.

Finally, we obtain the solution to the dynamic system.
By 1.3.13, we have

x(t) = exp[−δ−1(I−Σ)t]z̃. (1.3.14)

By 1.3.11 and 1.3.14, we have

lnq(t) = lnq(0) + δ−1Σ

∫ t

0

x(s)ds

= lnqss − β′Σ(I−Σ)−1 exp[−δ−1(I−Σ)t]z̃.

Similarly for GDP:

ln c(t) = ln css − β′Σ(I−Σ)−1 exp[−δ−1(I−Σ)t]z̃.



Chapter 2

Deterministic Difference
Systems

2.1 Scalar Linear Difference Equations

2.1.1 First-Order Linear Difference Equations

Consider the following scalar first-order linear difference equation:

xt+1 = bxt + czt, t ≥ 0,

where xt, b, c, and zt are all real numbers. Assume that {zt}∞t=0 is an exogenously given
bounded sequence. If czt = 0, ∀t, then this equation is homogeneous. And if zt is constant
for each t, then it is autonomous.

In the autonomous case, we may suppose zt = 1, ∀t without loss of generality. We then
obtain:

xt+1 = bxt + c.

Under the initial value, we iterate the above dynamic equation forward from period 0:

xt = bt
(
x0 −

c

1− b

)
+

c

1− b
.

• If |β| < 1, then the solution will always converge to the stationary point x̄ = c
1−b .

In this case, we call x̄ a globally asymptotically stable steady state. When x0 is not
given, then the solution is indeterminate.

• If |β| > 1, then the solution explodes or is unstable, ∀x0 6= x̄, unless x0 = x̄. When
x0 is not given, we iterate it forward and obtain x0 = β−txt −

∑t
j=1 b

−jc, implies
x0 = c

1−b = x̄, then ∀t, xt = x̄.

In the nonautonomous case, firstly we consider the case in which x0 and {zt}∞t=0 is
exogenously given, and xt is given by

xt = btx0 + c

t−1∑
j=0

bjzt−1−j .

15
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• If |β| < 1, then

lim
t→∞

xt = lim
t→∞

c

t−1∑
j=0

bjzt−1−j ,

where a finite limit exists because we assume {zt} is a bounded sequence. Thus we
call this limit a generalized steady state. It is globally asymptotically stable.

• If |β| > 1, then the solution will diverge.

• If |β| = 1, then the solution does not converge to a finite limit unless
∑∞
j=0 zj is finite.

Suppose x0 is not given, we may solve for xt by forward iteration under the assumption
limT→∞ b−Txt+T = 0 which is called transversality condition or no-bubble condition:

xt = b−Txt+T − c

b

T−1∑
j=0

b−jzt+j = −c
b

T−1∑
j=0

b−jzt+j .

• If |β| > 1, then the above infinite sum is finite since {zt} is a bounded sequence.

• If |β| < 1, then there is an infinity of bubble solutions, which are globally stable rather
than exploding.

If we remove the transversality condition, then the first-order equation admits many
unstable solutions. Let x∗t denote the solution as above, and for any Bt satisfying

Bt+1 = bBt,

since
xt+1 = x∗t+1 +Bt+1 = bx∗t + czt + bBt = bxt + czt,

then xt = x∗t + Bt is also a solution. We often call the x∗t fundamental solution and Bt a
bubble. The bubble grows at the gross rate b.

2.1.2 Lag Operator

Lag operators provide a powerful tool for solving difference equations. They are also useful
for analyzing economic dynamics and time series econometrics.

Definition 2.1.1: Lag Operator

Consider a sequence {Xt}+∞
t=−∞, ∀n, the lag operator L on this sequence is defined

by
LXt = Xt−1, LnXt = Xt−n.

In addition, Lnc = c for any constant c that is independent of time.
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Specifically, for a infinity sequence xt = [x1, x2, ...]
T , the lag operator can be written as

L =



0 0 0 0 · · ·
1 0 0 0 · · ·
0 1 0 0 · · ·
0 0 1 0 · · ·
...

...
...

...
. . .

 .

The following formulas are useful in applications:

1

1− λLn
=

∞∑
j=0

λjLnj , ∀|λ| < 1

and

(I −ALn)−1 =

∞∑
j=0

AjLnj ,

if all of the eigenvalues of the matrix A are inside the unit circle.

2.1.3 Second-Order Linear Difference Equations

Consider the following scalar second-order linear difference equation:

xt+2 = axt+1 + bxt + czt,

where xo ∈ R is exogenously given, a, b, c are real-valued constants, and {zt}∞t=0 is the given
bounded sequence.

We write this equation as:

(L−2 − aL−1 − b)xt = czt,

then factorize the LHS of above equation to derive

(L−1 − λ1)(L
−1 − λ2)xt = czt,

where λ1, λ2 are the solution to the characteristic equation,

λ2 − aλ− b = 0.

By the method of factorization (Sargent, 1987), a particular solution is given by

xpt =
czt

(L−1 − λ1)(L−1 − λ2)
.

If we can find the solution xht to the homogeneous equation xt+2 = axt+1 + bxt, i.e.,
(L−2 − aL−1 − b)xht = 0, then the solution is given by xt = xpt + xht . Thus, we focus on the
homogeneous case below. There are three cases to consider.

https://www.hup.harvard.edu/books/9780674218772
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Case 1: The two roots λ1 and λ2 are real and distinct.

The general solution to the homogeneous equation is given by

xht = c1λ
t
1 + c2λ

t
2,

where c1, c2 are constants to be determined by the initial value condition and an additional
boundary condition. Without loss of generality, we assume |λ1| < |λ2|.

• If |λ1| > 1 and |λ2| > 1, then solution explodes as time proceeds. The steady state is
called a source.

• If |λ1| < 1 and |λ2| < 1, then for any initial value, the solution converges to the steady
state. This steady state is called a sink, and the solution is indeterminate.

• If |λ1| < 1 and |λ2| > 1, then The solution for this case is often called the saddle path
solution. The associated steady state is called a saddle point.

In the saddle path case, we can transform the expression into the following form:

(L−1 − λ1)xt =
czt

L−1 − λ2
=

− c
λ2
t

1− L−1

λ2

.

Since
(L−1 − λ1)xt = xt+1 − λ1xt,

and
− c
λ2
t

1− L−1

λ2

= − c

λ2

∞∑
j=0

(λ−1L−1)jzt = − c

λ2

∞∑
j=0

λ−jzt+j ,

we obtain

xt+1 = λ1xt −
c

λ2

∞∑
j=0

λ−jzt+j .

Case 2: The two roots λ1 and λ2 are identical.

Denote λ1 = λ2 = λ, the general solution is given by

xht = (c1 + tc2)λ
t,

where c1 and c2 are two constants to be determined by two boundary conditions. For
stability, we need the two roots to be less than 1. Without imposing a boundary condition
at a finite time, the solution is indeterminate since c1 and c2 cannot be uniquely determined.

Case 3: The two roots λ1 and λ2 are complex.

Suppose that λ1 = reiθ and λ2 = re−iθ. The general solution is given by

xht = c1λ
t
1 + c2λ

t
2 = rt(c1e

iθt + c2e
−iθt),

where c1 and c2 are two constants to be determined. If boundary conditions involve real
numbers only, then the solution must be real.
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We usually impose extra restrictions that only involve the real number, then we have

xht = rtc1(cos(θt) + sin(θt)i) + rtc2(cos(θt)− sin(θt)i)

= rt(c1 + c2) cos(θt) + rt(c1 − c2) sin(θt)i.

If c1 and c2 are conjugate complex numbers, then both c1 + c2 and (c1 − c2)i are real.
Consequently, we can write the solution as

xht = rt[A cos(θt) +B sin(θt)],

where A and B are two real numbers to be determined by two boundary conditions.
This solution oscillates with the frequency of θ

2π . If r < 1, then the oscillations are
damped; if r > 1, then they are explosive.

2.2 First-Order Linear Systems
An alternative way to solve the second-order linear difference equation is to transform it into
a system of linear difference equations by introducing an auxiliary equation xt+1 = xt+1:[

xt+1

xt+2

]
=

[
0 1

b a

][
xt

xt+1

]
+

[
0

c

]
zt.

In this case, xt is predetermined, but xt+1 is non-predetermined. In a similar way, we
can transform any higher-order linear difference equation into a system of linear difference
equations.

In this section, we consider a general system of the following form:

Axt+1 = Bxt + Czt, t = 0, 1, 2, ...,

where xt ∈ Rn is endogenous, zt ∈ Rnz is a vector of exogenous forcing variables, and A, B,
C are conformable matrices.

Following King and Watson (1998), we make the following regularity assumption:

∃α s.t. det(Aα−B) 6= 0.

When the pair (A,B) satisfies this assumption, we say it is regular. This assumption is
essentially a solvability condition. To see why there may not have a solution if regularity
condition is violated, we rewrite the original form as

(AL−1 −B)xt = Czt.

If ∀α, Aα − B is singular, then ∃ψ(α) s.t. ψ(α)(Aα − B) = 0 identically in α, since its
rows are linearly dependent. Thus, we have ψ(L−1)Czt = 0. This equation cannot hold for
all sequences {zt}.

Prior to the formal discussion, we first introduce the definition of matrix stability.

https://www.jstor.org/stable/2527350
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Definition 2.2.1: Stability

An eigenvalue λi of matrix A is stable if ||λi|| < 1, It is unstable if ||λi|| > 1. Matrix
A is stable if ∀i, ||λi|| < 1.

2.2.1 The Blanchard and Kahn Method

The solution for the case of nonsingular A is first studied by Blanchard and Kahn (1980).
In this case, we rewrite the original form as1

xt+1 = A−1Bxt +A−1Czt.

Define W = A−1B. By the Jordan form, ∃P (left eigenvectors of W ) s.t. W = P−1JP ,
where J is a Jordan matrix:

J =


J1

J2
. . .

Jl

 , with Ji =


λi 1

λi 1
. . . 1

λi


mi×mi

,

where λ1, ..., λl are the eigenvalues of W satisfying det(W − λI) = 0.
We can further rewrite the original form as

xt+1 = P−1JPxt +A−1Czt,

then
Pxt+1 = JPxt + PA−1Czt.

Define x∗t = Pxt and C∗ = PA−1C, then we transform the system into

x∗t+1 = Jx∗t + C∗zt.

Solving this equation backward, we obtain the backward-looking solution:

x∗t = J tx∗0 +

t−1∑
j=0

JjC∗zt−1−j , t ≥ 1,

where

J =


J t1

J t2
. . .

J tl

 , with Ji =


λti tλt−1

i

(
2
t

)
λt−2
i · · ·

λti tλt−1
i · · ·

. . . · · ·
λti

 .
If x0 is exogenously given, then x∗0 is determined, and the solution only requires of

stability of eigenvalues of matrix W . By solving for {x∗t }, we obtain the solution xt = P−1x∗t .
1If z is not an eigenvalue of A−1B, then det(Az−B) = det(A) det(Iz−A−1B) 6= 0. Thus the regularity

assumption is always satisfied.

https://www.jstor.org/stable/1912186


CHAPTER 2. DETERMINISTIC DIFFERENCE SYSTEMS 21

If some components of x0 are not given, in the presence of non-predetermined variables,
we cannot use the backward-looking solution. To solve this case, we firstly re-order the
components of xt as xt = [kt, yt]

T , where yt contains ny non-predetermined variables and
kt contains nk = n− ny predetermined variables.

Suppose W has nu unstable eigenvalues and ns = n−nu stable eigenvalues. Assume W
has no eigenvalues on the unit circle, which called the hyperbolic condition. we order the
eigenvalues from smallest to largest, and partition the Jordan matrix as

J =

[
Js

Ju

]
,

where all eigenvalues of the ns × ns matrix Js are stable and all eigenvalues of the nu × nu

matrix Ju are unstable.
Similarly, we partition x∗t and C∗ as

x∗t =

[
st

ut

]
, C∗ =

[
C∗
s

C∗
u

]
,

so that they are conformable with the partition of J . Then we rewrite the transformed
system as [

st+1

ut+1

]
=

[
Js

Ju

][
st

ut

]
+

[
C∗
s

C∗
u

]
zt.

The second row of the above system is diverged:

ut+1 = Juut + C∗
uzt,

which implies
(L−1 − Ju)ut = C∗

uzt,

then

ut = (L−1 − Ju)
−1C∗

uzt

= −J−1
u (I− L−1J−1

u )−1C∗
uzt

= −J−1
u

∞∑
j=0

(J−1
u L−1)jC∗

uzt

= −
∞∑
j=0

J−j−1
u C∗

uzt+j ,

where we need {zt} to be stable for the series to converge.
Recalling that the transformation of matrix P implies[

st

ut

]
= P

[
kt

yt

]
=

[
Psk Psy

Puk Puy

][
kt

yt

]
,
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where [
Psk Psy

Puk Puy

]
=

[
ns × nk ns × ny

nu × nk nu × ny

]
.

The second row implies that

ut = Pukkt + Puyyt.

Let t = 0, we obtain
Pnyy0 = u0 − Pukk0.

Now we give the Blanchard-Kahn conditions to ensure the system has a unique stable
solution for any given k0 and stable sequence {zt}:

1. The number of unstable eigenvalues of W is equal to the number of non-predetermined
variables, i.e., nu = ny.

2. Puy is nonsingular.

Under these conditions, since uo can be solved as above, y0 can be represented as

y0 = P−1
ny u0 − P−1

ny Pukk0.

Thus, this system can be determined. All points (k0, y0) satisfying the above equation
form an nk-dimensional subspace of Rn is called as the stable manifold.

If the hyperbolic condition is violated, the solution constructed still applies to this case.
However, the solution may not be stable. For example, suppose nk = 1, then kt behaves
like a random walk, which is not stable in general.

If the Blanchard-Kahn conditions are violated, then there are two cases.

• If nu > ny, then there is no solution (a.e.) to the system, since m(u0 − Pukk0) = 0 in
the space of Rnu × Rny .

• If nu < ny, then here are infinitely many solutions to the system. The solution is
indeterminate.

2.2.2 The Klein Method

In many economic problems, the assumption of nonsingular A is violated. In this case, We
follow the approach of Klein (2000).

Firstly, we introduce the generalized Schur decomposition which is also called the QZ
decomposition.

Definition 2.2.2: Generalized Eigenvalues / Eigenvectors

A scalar λ ∈ C is a generalized eigenvalue of the matrices (A,B) if there is a nonzero
vector x ∈ Cn such that Bx = λAx. We call x the corresponding right generalized
eigenvector.

https://www.sciencedirect.com/science/article/abs/pii/S0165188999000457
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Theorem 2.2.3: Complex Generalized Schur Form

If the n × n matrices A and B are regular, then there exist n × n unitary matrices
of complex numbers Q and Z such that

1. QAZ = S is upper triangular;

2. QBZ = T is upper triangular;

3. ∀i, sii, tii 6= 0;

4. λ(A,B) =
{
tii
sii

: sii 6= 0
}

;

5. The pairs (sii, tii). i = 1, ..., n can be arranged in any order.

Proof. See Golub and van Loan (1996) or any related textbook of matrix computations.

Let S and T be arranged in such a way that the ns stable generalized eigenvalues come
first. The remaining nu generalized eigenvalues are unstable. Define x∗t = ZHxt

2. We
rewrite the original form:

QAZZHxt+1 = QBZZHxt +QCzt,

then
Sx∗t+1 = Tx∗t +QZzt

As in the previous subsection, we use the partition:

xt =

[
kt

yt

]
nk × 1

ny × 1
, x∗t =

[
st

ut

]
ns × 1

nu × 1
.

We also partition Z conformably with the above partition:

Z =

[
Z11 Z12

Z21 Z22

]
ns × nk ns × ny

nu × nk nu × ny
,

so that [
S11 S12

0 S22

][
st+1

ut+1

]
=

[
T11 T12

0 T22

][
st

ut

]
+

[
Q1

Q2

]
Czt.

By the ordering of stable generalized eigenvalues, S11 is invertible because all diagonal
elements sii of S11 cannot be zero. In addition, T22 is also invertible because all diagonal
elements tii of T22 cannot be zero.

Similarly to the Blanchard-Kahn condition, We assume ns = nk and Z−1
11 is invertible.

The hyperbolic condition also holds.
2ZH = Z−1 since Z is a unitary matrix.

https://www.cambridge.org/core/journals/mathematical-gazette/article/abs/matrix-computations-3rd-edition-by-gh-golub-and-cf-van-loan-pp-694-1996-25-paper-54-hard-isbn-0-8018-5414-8-0-8018-5413-x-johns-hopkins-university-press/4D2EDDE8D09848AD0D609C3137E94ECA
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Denote C∗
s = Q1C and C∗

u = Q2C. We can solve {ut} by the second row:

ut = −T−1
22 (I− L−1T−1

22 S22)
−1C∗

uzt

= −T−1
22

∞∑
j=0

(T−1
22 S22)

jC∗
uzt+j .

In addition, we know that the non-predetermined variable follows

kt = Z11st + Z12ut.

Since Z11 is invertible by assumption, we obtain

s0 = Z−1
11 (k0 − Z12u0).

By the first row we have

S11st+1 + S12ut+1 = T11st + T12ut + C∗
s zt,

then manipulating it yields the backward-looking solution:

st+1 = S−1
11 (T11st + T12ut − S12ut+1 + C∗

s zt).

For given s0 and {ut}, we can solve {st} as above. Thus, {kt} and {yt} are also solved.

2.3 Nonlinear Systems
Consider the following first-order nonlinear system:

f(xt+1, xt, zt) = 0,

where xt ∈ Rn is endogenous, zt ∈ Rnz is a vector of exogenous forcing variables, and
f : R2n×Rnz → Rn. Many high-order nonlinear systems can be transformed to a first-order
system by a suitable change of variables as we have done previously.

We assume the steady state x̄ exists, then take the first-order Taylor approximation
about x̄:

0 = fx′xt+1 + fxxt + fzzt,

where fx′ = ∂f
∂xt+1

, fx = ∂f
∂xt

, and fz =
∂f
∂zt

, respectively, evaluated at the steady state.
Since the equation above is a linear system, we may apply the method discussed before

to analyze this system. The critical conditions for stability are based on the properties of
the generalized eigenvalues of the pair of Jacobian (fx′ ,−fx) evaluated at the steady state.



Chapter 3

Dynamic Programming

3.1 Markov Decision Process Model
Economic decisions can often be summarized as a problem in which a decision maker chooses
an action to influence a stochastic dynamic system so as to maximize some criterion.

To ensure a recursive structure, we formulate the framework by a Markov decision pro-
cess, which consists of five elements:

• Time: The decisions are made at discrete points in time, denoted by t ∈ T ≡
{0, 1, ..., T}, where T ≤ ∞.

• States: At each time t, the system occupies a state st. The initial state s0 is exoge-
nously given. Denote the set of all possible state by S, call the state space.

• Actions: Denote A as the action space which consists of all possible action1. After
observing the state st, the decision maker choose an action at ∈ A. Moreover, The
constraints on this action are described by a correspondence Γ : S → A, that is,
Γ(st) ⊂ A is the set of feasible actions given that the current state is st ∈ S.

• Rewards: As a result of choosing action at at state st at time t, the decision maker
receives a one-period reward ut(st, at).

• Stochastic Kernel: The system state at time t + 1 is determined by the stochastic
kernel Pt+1 : (S × A) × S → [0, 1], that is, Pt+1(st, at; ·) is the probability measure
for the set of states at time t + 1, if the action and state at time t are st and at,
respectively2. In addition, ∀B ∈ S, Pt+1(·, ·, ;B) is the measure function on S × A.
Define the Markov semigroup as a group of stochastic kernel P = {Pt}Tt=1.

We can define the Markov decision process as follows:{
T, (S,S), (A,A),Γ,P, {ut}Tt=0

}
.

1Let (S,S) and (A,A) be some measurable spaces, where S (A) is the σ-algebra of S (A).
2If the transition function is st+1 = f(st, at), then the probability measure becomes Pt+1(st, at;B) =

I(f(st, at) ∈ B).

25
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We have assumed that S, A and Γ are independent of time, but Pt+1 and ut may depend
on time. For the infinite-horizon case, we shall assume that Pt+1 and ut are independent of
time. In this case, the Markov decision process is stationary.

In sum, a Markov decision process has the following essential features:

• The state system {st}Tt=0 is governed by a Markov process.

• The stochastic kernels P of this Markov process are affected by the decision maker’s
current actions, independent of future or past actions.

• The constraints correspondence Γ maps from a current state to a set of actions, inde-
pendent of histories.

• The one-period rewards ut are a function of current states and current actions, inde-
pendent of histories. In the finite-horizon case, the terminal reward is either zero or a
function of state only.

A Markov decision process together with an optimality criterion is called a Markov
decision problem. A Markov decision process and the associated decision problem form a
Markov decision process model. We will give the formal definition of the Markov decision
problem. Define the product measurable spaces (St,St), t = 1, ..., T .

Definition 3.1.1: Plan

A plan or policy π is a sequence of actions (π0, π1, ...) such that π0 ∈ A and πt : St →
A is measurable. It is Markovian if πt is independent of {st}t−1

t=0. It is stationary if
πt is independent of time t. It is feasible from s0 ∈ S if π0 ∈ Γ(s0) and ∀t, ∀st ∈ St,
πt(s

t) ∈ Γ(st).

We next define the expectation with respect to decision maker’s states and action. Given
an initial state s0, a feasible plan π from s0, and the stochastic kernels P, define a probability
measure on St as:

µt(s0, B;π) =

∫
B1

· · ·
∫
Bt−1

∫
Bt

t∏
i=1

Pi(si−1, πi−1(s
t−1); dst)× P1(s0, π0; ds1),

where B =
∏t
i=1Bi ∈ St. In the infinite-horizon case, the sequence of measures µt(s0, ·;π),

t = 1, 2, ..., induces a unique measure µ∞(s0, ·;π) on S∞ by the Kolmogorov Extension
Theorem.

For any plan π ∈ Π(s0), where Π(s0) denote the set of all feasible plans from s0, the
total discounted expected rewards for T <∞ is defined as:

JT0 (s0, π) = u0(s0, π) +
T−1∑
t=1

βt
∫
ut(st, πt(s

t))µt(s0,ds
t;π) + βT

∫
uT (sT )µ

T (s0,ds
T ;π).

If T = ∞, we define the total discounted expected rewards as:

J(s0, π) = u0(s0, π) + lim
T→∞

T∑
t=1

βt
∫
ut(st, πt(s

t))µt(s0,ds
t;π).
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We assume that the above reward function is integrable and the limit exists. Then, for
each s ∈ S, if T <∞ the optimality criterion is defined as:

V0(s) = sup
π∈Π(s)

JT0 (s, π),

or if T = ∞:
V (s) = sup

π∈Π(s)

J(s, π).

In an infinite-horizon Markov decision problem, V : S → R̄ is called the value function.

3.2 Infinite-Horizon Dynamic Programming
In this section, we we will prove the infinite-horizon Principle of Optimality by establishing
three theorems. Recall that the value function is defined by

V (s) = sup
π∈Π(s)

J(s, π),

where Π(s) is the set of feasible plans from initial state s ∈ S, and J(s, π) is the total
discounted expected rewards from π.

Lemma 3.2.1

Let (S,S), (A,A), Γ, P , u, and β be given, and a series of assumptions satisfied,
then for any s0 ∈ S and any π ∈ Π(s0),

J(s0, π) = u(s0, π0) + β

∫
J(s1, C(π, s1))P (s0, π0; ds1),

where C(π, s1) is the continuation of plan π following s1.

Proof. By definition,

J(s0, π) = u(s0, π0) + β lim
n→∞

n∑
t=1

βt−1

∫
u(st, πt(s

t))µt(s0,ds
t;π).

The second term on the right-hand side can be transformed as:

lim
n→∞

n∑
t=1

βt−1

∫
t(st, πt(s

t))µt(s0,ds
t;π)

= lim
n→∞

∫ [
u(s1, π1(s

1)) +

n∑
t=2

βt−1

∫
ut(st, πt(s

t))µt−1(s1,ds
t
2;C(π, s1))

]
P (s0, π0; ds1)

=

∫
lim
n→∞

u(s1, π1(s
1)) +

n∑
t=2

βt−1

∫
ut(st, πt(s

t))µt−1(s1,ds
t
2;C(π, s1))P (s0, π0; ds1)

=

∫
J(s1, C(π, s1)P (s0, π0; ds1),
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where the second equality from the Monotone Convergence Theorem if u ≥ 0 or u ≤ 0, and
from the Dominated Convergence Theorem if u take on both signs.

Theorem 3.2.2: Dynamic Programming Principle

Let (S,S), (A,A), Γ, P , u, and β be given, and a series of assumptions satisfied,
then the value function V (s) satisfies the following Bellman equation:

V (s) = sup
a∈Γ(s)

u(s, a) +

∫
V (s′)P (s, a; ds′)

Proof. For any plan π ∈ Π(s), by the property of supremum, we have

V ∗(s) ≡ sup
a∈Γ(s)

u(s, a) +

∫
V (s′)P (s, a; ds′)

≥ sup
a∈Γ(s)

u(s, a) +

∫
J(s′, C(s′, π))P (s, a; ds′)

≥ u(s, π0) +

∫
J(s′, C(s′, π))P (s, a; ds′)

= V (s).

Thus, V ∗(s) ≥ V (s).
By assumption, ∀ε > 0, ∃s, πs ∈ Π(s) s.t. J(s, π) + ε ≥ V (s). Thus, by Lemma 2.2.1,

we have,

V (s) = sup
π∈Π(s)

u(s, π0) + β

∫
(s′, C(s′, π))P (s, a, ds′)

≥ sup
a∈Γ(s)

u(s, a) + β

∫
(V (s′)− ε)P (s, a, ds′)

= V ∗(s)− βε.

Let ε → 0, we obtain V (s) ≥ V ∗(s). Combining the above two steps completes the
proof.

This theorem demonstrates that the value function implied from sequential problem is
equivalent to that of Bellman equation. Moreover, in dynamic programming problem, if
there is a solution a ∈ Γ(s) that attains the supremum in Bellman equation, we denote the
set of all solutions as G(s). This defines an optimal policy correspondence G : S → A.

The following result demonstrates that under some conditions the solution to the Bellman
equation gives the value function for the Markov decision problem. In addition, any plan
generated by the optimal policy correspondence from the dynamic programming problem is
optimal for the Markov decision problem.
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Theorem 3.2.3: Verification

Let (S,S), (A,A), Γ, P , u, and β be given, and a series of assumptions satisfied.
Suppose that V ∗ : S → R is a measurable function satisfying the Bellman equation,
and ∀π ∈ Π(s0), ∀s0 ∈ S,

lim
n→∞

βn
∫
V ∗(sn)µ

n(s0,ds
n;π) = 0.

Let G be the optimal policy correspondence associated with the Bellman equation,
and suppose that G is nonempty and permits a measurable selection. Then V = V ∗

and any plan π∗ generated by G also attains the supremum of Markov decision
problem.

Proof. ∀π ∈ Π(s0), ∀s0 ∈ S, by the property of supremum in Bellman equation, we derive:

V ∗(st) ≥ u(st, πt(s
t)) + β

∫
V ∗(st+1)P (st, πt(s

t); dst+1),

for t = 0, 1, ..., n. Multiplying by βt and rearranging yield:

βtV ∗(st)− βt+1

∫
V ∗(st+1)P (st, πt(s

t); dst+1) ≥ βtu(st, πt(s
t)).

Taking expectations with µt(s0,ds
t;π) and summing, we obtain:

V ∗(s0)− βn
∫
V ∗(sn)µ

n(s0,ds
n;π) ≥

n−1∑
t=0

βtu(st, πt(s
t))µt(s0,ds

t;π).

Taking limit as n→ ∞ and using the so-called transversality condition, we deduce

V ∗(s0) ≥ J(s0, π).

Thus, ∀π ∈ Π(s0), V ∗(s0) ≥ V (s0). The equality is attained if we replace π by π∗ since
it is generated by the optimal policy correspondence G, so does ∀t at π = π∗.

The final result is a partial converse of Theorem 2.2.3. It ensures that any optimal
plan for the Markov decision problem can be found by solving the dynamic programming
problem.

Theorem 3.2.4

Let (S,S), (A,A), Γ, P , u, and β be given, and a series of assumptions satisfied.
Suppose that V ∗ : S → R is a measurable function satisfying the Bellman equa-
tion. Suppose that the associated optimal policy correspondence G is nonempty and
permits a measurable selection. Then for any optimal plan π∗ ∈ Π(s0) for Markov
decision problem, ∀t, st, π∗

0 ∈ G(s0) and π∗
t (s

t) ∈ G(st).

Proof. See Miao (2020) due to the space limitation.

https://mitpress.mit.edu/9780262043625/economic-dynamics-in-discrete-time/


Chapter 4

New Keynesian Models

4.1 Basic New Keynesian Model

4.1.1 Households

Assume a representative infinitely-lived household, seeking to maximize

E0

∞∑
t=0

βtU(Ct, Nt), (4.1.1)

where β ∈ (0, 1) denotes the discount factor, Nt denotes hours of work or employment, and
Ct is a consumption index given by

Ct ≡
(∫ 1

0

Ct(i)
ε−1
ε di

) ε
ε−1

,

with Ct(i) representing the quantity of good i consumed by the household in period t.
Assume the existence of a continuum of goods represented by the interval [0, 1]1.

The period budget constraint now takes the form∫ 1

0

Pt(i)Ct(i)di+QtBt ≤ Bt−1 +WtNt + Tt, (4.1.2)

where Wt is the nominal wage, Bt represents purchases of one-period bonds with the price
Qt =

1
1+It

, It is the nominal interest, and Tt is a lump-sum component of income.
Additionally, assumed that the household is subject to a solvency constraint that prevents

it from engaging in Ponzi-type schemes, by the following constraint:

∀t, lim
T→∞

Et(BT ) ≥ 0.

Define Zt as the total nominal expenditure, Pt(i) as the price of good i. The optimal
1Assume that UC > 0, UCC ≤ 0, UN ≤ 0, and UNN ≤ 0.

30
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allocation of any given expenditure level can be found by solving

max
Ct(i)

Ct ≡
(∫ 1

0

Ct(i)
ε−1
ε di

) ε
ε−1

,

s.t. ∫ 1

0

Pt(i)Ct(i)di ≡ Zt.

Lagrangian:

L =

(∫ 1

0

Ct(i)
ε−1
ε di

) ε
ε−1

− λt

(∫ 1

0

Pt(i)Ct(i)di− Zt

)
.

FOC:
∂L

∂Ct(i)
: C

1
ε
t Ct(i)

− 1
ε = λtPt(i), ∀i ∈ [0, 1],

that is, ∀i, j ∈ [0, 1],

Ct(i) = Ct(j)

[
Pt(i)

Pt(j)

]−ε
.

Then the isoelastic demand of good i can be represented as

Ct(i) =

[
Pt(i)

Pt

]−ε
Ct,

where Pt denote the aggregate price index

Pt ≡
[∫ 1

0

Pt(i)
1−εdi

] 1
1−ε

.

Furthermore, we have ∫ 1

0

Pt(i)Ct(i)di = PtCi, (4.1.3)

i.e., total consumption expenditures can be written as the product of the price index times
the quantity index.

Next we consider the dynamic problem. Combining 4.1.1, 4.1.2 and 4.1.3, the intertem-
poral UMP can be written as

max
Ct,Nt,Bt

E0

∞∑
t=0

βtU(Ct, Nt),

s.t.
PtCt +QtBt ≤ Bt−1 +WtNt + Tt.

Current-value Hamiltonian:

H = U(Ct, Nt)− λt(PtCt +QtBt −Bt−1 −WtNt − Tt).
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FOCs:

∂H

∂Ct
: UC,t = λtPt, (4.1.4)

∂H

∂Nt
: −UN,t = λtWt, (4.1.5)

∂H

∂Bt
: λtQt = βEtλt+1. (4.1.6)

Combining 4.1.4 and 4.1.5, we obtain the optimal labor supply decision:

−UN,t
UC,t

=
Wt

Pt
.

Combining 4.1.4 and 4.1.6, we obtain the Euler equation:

Qt = βEt
[
UC,t+1

Uc, t

Pt
Pt+1

]
.

Under the assumption of a period utility given by

U(Ct, Nt) =
C1−σ
t

1− σ
− N1+ϕ

t

1 + ϕ
,

where σ > 0, σ 6= 1, and ϕ > 0, then the two equations become

Cσt N
ϕ
t =

Wt

Pt
, (4.1.7)

Qt = βEt

[
C−σ
t+1

C−σ
t

Pt
Pt+1

]
. (4.1.8)

Log-linearize 4.1.7, we obtain the log-linearized optimal labor supply decision:

σĉt + ϕn̂t = ŵt − p̂t. (4.1.9)

This shows that, given the marginal utility of consumption (which under the assumptions
is a function of consumption only), this equation determines labor supply as a function of
the real wage.

Log-linearize 4.1.8, we have

q̂t = −σEtĉt+1 + σĉt + p̂t − Etp̂t+1.

Denote π̂t = p̂t − p̂t−1 as the (log-linearized) inflation. Since ît = −q̂t, we obtain:

ĉt = Etĉt+1 − σ−1(̂it − Etπ̂t+1). (4.1.10)

This shows that, given the nominal interest, the intertemporal consumption decision is
only determined by the expected inflation.
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4.1.2 Firms

Assume a continuum of firms indexed by i ∈ [0, 1]. Each firm produces a differentiated
good, but they all use an identical technology, represented by the production function

Yt(i) = AtNt(i)
1−α,

where α ∈ (0, 1), At represents the level of technology, assumed to be common to all firms
and to evolve exogenously over time. All firms face an identical isoelastic demand schedule,
and take the aggregate price level Pt and aggregate consumption index Ct as given.

Consider the optimal labor demand for firms. One minimizes its cost by choosing Nt(i),
that is,

min
Nt(i)

Wt

Pt
Nt(i),

s.t.
Yt(i) = AtNt(i)

1−α.

Lagrangian:
L =

Wt

Pt
Nt(i)− λt[AtNt(i)

1−α − Yt(i)].

FOC:
∂L

∂Nt(i)
:Wt = (1− α)λtAtNt(i)

−α.

Denote MCt = λtPt as the nominal marginal cost. Then the FOC becomes

Wt =MCt(1− α)AtNt(i)
−α.

In flexible price system, the firm’s PMP can be represented as

max
Pt(i)

Pt(i)Yt(i)−Wt(i)Nt(i).

Dividing Pt in this form. By the optimal labor demand decision, when good market is
clear, the objective function can be transformed as

Pt(i)Yt(i)−Wt(i)Nt(i)

Pt

=

[
Pt(i)

Pt
− (1− α)

MCt
Pt

]
Ct(i)

=

[[
Pt(i)

Pt

]1−ε
− (1− α)

MCt
Pt

[
Pt(i)

Pt

]−ε]
Ct.

FOC:

(1− ε)

[
Pt(i)

Pt

]−ε
+ (1− α)ε

MCt
Pt

[
Pt(i)

Pt

]−ε−1

= 0.

Thus, the optimal price becomes

P ∗
t (i) =

1− α

1− ε−1
MCt.
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In this form, the (nominal) markup 1−α
1−ε−1 leads to inefficiently low level of employment

and output in the economy due to the monopolistic competition.
Then we turn to sticky price system. Following Calvo (1983), each firm may reset its

price only with probability 1− θ in any given period, independent of the time elapsed since
the last adjustment, i.e., follows an exogenous Poisson process. Thus, each period a measure
1 − θ of producers reset their prices, while a fraction θ keep their prices unchanged. As a
result, the average duration of a price is given by (1 − θ)−1. In this context, θ becomes a
natural index of price stickiness.

Let S(t) ⊂ [0, 1] represent the set of firms not re-optimizing their posted price in period
t. The aggregate price index can be written as

Pt =

[∫
S(t)

Pt−1(i)
1−ε + (1− θ)(P ∗

t )
1−ε

] 1
1−ε

=
[
θP 1−ε

t−1 + (1− θ)(P ∗
t )

1−ε] 1
1−ε .

Dividing Pt−1 on both sides and rearranging, we obtain

Π1−ε
t = θ + (1− θ)

(
P ∗
t

Pt−1

)1−ε

,

where Πt ≡ Pt

Pt−1
is the gross inflation rate between t1 and t.

The log-linearized form:
p̂t = θp̂t−1 + (1− θ)p̂∗t , (4.1.11)

or
π̂t = (1− θ)(p̂∗t − p̂t−1).

This implies that, inflation results from the fact that firms re-optimizing in any given
period choose a price that differs from the economy’s average price in the previous period.

With sticky price, the firm must set its price taking account of the risk that it will not
be allowed to change its price in the future. That is, firm choose P ∗

t to maximize

[P ∗
t (i)Yt(i)−Ψt(i)]

+ θEt[Qt,t+1[P
∗
t (i)Yt+1|t(i)−Ψt+1(i)]]

+ θ2Et[Qt,t+2[P
∗
t (i)Yt+2|t(i)−Ψt+2(i)]]

+ · · · ,

where Qt,t+k ≡ βk
(
Ct+k

Ct

)−σ
Pt

Pt+k
is the stochastic discount factor for nominal payoffs, Ψ(·)

is is the cost function, and Yt+k|t denotes output in period t + k for a firm that last reset
its price in period t.

Formally, the PMP can be represented as

max
P∗

t

∞∑
k=0

θkEt[Qt,t+k[P ∗
t Yt+k|t −Ψt+k(Yt+k|t)]],

https://www.sciencedirect.com/science/article/abs/pii/0304393283900600
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s.t.

Yt+k|t =

(
P ∗
t

Pt+k

)−ε

Yt+k, k = 0, 1, 2, ...

The log-linearized form of constraint:

ŷt+k − ŷt+k|t = ε(p̂∗t − p̂t+k) (4.1.12)

FOC:
∞∑
k=0

θkEt
[
Qt,t+k

(
Yt+k|t + P ∗

t

∂Yt+k|t

∂P ∗
t

− ∂Ψt+k
∂Yt+k|t

∂Yt+k|t

∂P ∗
t

)]
= 0,

where
∂Yt+k|t

∂P ∗
t

= −ε
Yt+k|t

P ∗
t

, k = 0, 1, 2, ....

Denote nominal marginal cost as ψt+k|t ≡ ∂Ψt+k

∂Yt+k|t
, then

∞∑
k=0

θkEt
[
Qt,t+k

(
Yt+k|t + P ∗

t

∂Yt+k|t

∂P ∗
t

− ∂Ψt+k
∂Yt+k|t

∂Yt+k|t

∂P ∗
t

)]

=

∞∑
k=0

θkEt
[
Qt,t+k

(
Yt+k|t + (P ∗

t − ψt+k|t)(−ε)
Yt+k|t

P ∗
t

)]

=

∞∑
k=0

θkEt
[
Qt,t+kYt+k|t

[
1 + (P ∗

t − ψt+k|t)
−ε
P ∗
t

]]

=

∞∑
k=0

θkEt
[
Qt,t+kYt+k|t

(
1− ε+ ε

ψt+k|t

P ∗
t

)]
= 0.

Solving for the optimal price:

P ∗
t = µ

∑∞
k=0 θ

kEt(Qt,t+kYt+k|tψt+k|t)∑∞
k=0 θ

kEt(Qt,t+kYt+k|t)
, (4.1.13)

where µ ≡ ε
ε−1 .

In the case of flexible price, i.e., θ = 0, 4.1.11 becomes P ∗
t = µψt|t. Henceforth, µ is

referred to as the desired or frictionless markup.
Denote MCrt = ψt

Pt
as the real marginal cost. Consider the log-linearized form of 4.1.13:

p̂∗t = (1− βθ)

∞∑
k=0

(βθ)kEt(m̂crt+k|t + p̂t+k). (4.1.14)

The forward-looking equation:

p̂∗t = (1− βθ)(m̂crt|t + p̂t) + βθEtp̂∗t+1. (4.1.15)
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Substituting 4.1.15 into 4.1.11, we obtain

p̂t = θp̂t−1 + (1− θ)p̂∗t

= θp̂t−1 + (1− θ)(1− βθ)(m̂crt|t + p̂t) + (1− θ)βθEtp̂∗t+1

= θp̂t−1 + (1− θ)(1− βθ)(m̂crt|t + p̂t) + (1− θ)βθ
Etp̂t+1 − θp̂t

1− θ

= θp̂t−1 + (1− θ)(1− βθ)(m̂crt|t + p̂t) + βθEtp̂t+1 − βθ2p̂t.

Subtracting by (1− θ)p̂t and rearranging yields

θπ̂t ≡ θ(p̂t − p̂t−1)

= (1− θ)(1− βθ)m̂crt|t + βθ(Etp̂t+1 − p̂t)

= (1− θ)(1− βθ)m̂crt|t + βθEtπ̂t+1.

The forward-looking equation for inflation:

π̂t = βEtπ̂t+1 +
(1− θ)(1− βθ)

θ
m̂crt|t.

4.1.3 Non-Policy Equilibrium

Market clearing in the goods market requires

Yt(i) = Ct(i), ∀i ∈ [0, 1].

Letting aggregate output be defined as Yt ≡
(∫ 1

0
Yt(i)

ε−1
ε di

) ε
ε−1 it follows that Yt = Ct,

i.e., ŷt = ĉt. Combining with 4.1.10, we obtain the equilibrium condition of good market
clearing:

ŷt = Etŷt+1 − σ−1(̂it − Etπ̂t+1). (4.1.16)

Market clearing in the labor market requires

Nt =

∫ 1

0

Nt(i)di.

Combining with the production function, we obtain

Nt =

∫ 1

0

[
Yt(i)

At

] 1
1−α

di

=

(
Yt
At

) 1
1−α

∫ 1

0

[
Pt(i)

Pt

]− ε
1−α

di.

Taking the square 1− α yields

N1−α
t =

Yt
At

[∫ 1

0

[
Pt(i)

Pt

]− ε
1−α

di

]1−α
.

Denote Dt =

[∫ 1

0

[
Pt(i)
Pt

]− ε
1−α

di

]1−α
measuring price (output) dispersion across firms,
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we have
Yt = AtN

1−α
t D−1

t .

The log-linearized form2:
ŷt = ât + (1− α)n̂t. (4.1.17)

Now we consider the average real marginal cost in the equilibrium. In firm’s CMP, we
have known that

MCrt =
Wt

Pt

1

At(1− α)N−α
t

.

The log-linearized form:

m̂crt = ŵt − p̂t − (ât − αn̂t)

= ŵt − p̂t −
1

1− α
(ât − αŷt).

For firms that set price at t and remains it at t+ k:

m̂crt+k|t = ŵt+k − p̂t+k −
1

1− α
(ât+k − αŷt+k|t)

= ŵt+k − p̂t+k −
1

1− α
(ât+k − αŷt+k|t)

= ŵt+k − p̂t+k −
1

1− α
(ât+k − αŷt+k)−

α

1− α
(ŷt+k − ŷt+k|t)

= m̂crt+k −
αε

1− α
(p̂∗t − p̂t+k), (4.1.18)

where the last line uses 4.1.12.
Substituting 4.1.18 into 4.1.14, we have

p∗t = Γ(m̂crt+k|t + p̂t+k)

= Γ

[
m̂crt+k −

αε

1− α
(p̂∗t − p̂t+k) + p̂t+k

]
= − αε

1− α
p̂∗t + Γ

(
m̂crt+k +Θ−1p̂t+k

)
,

where Γ(·) ≡ (1− βθ)
∑∞
k=0(βθ)

kEt(·), and Θ = 1−α
1−α+αε ≤ 1.

Solving for the optimal price in terms of average real marginal cost:

p̂∗t = Γ(Θm̂crt+k + p̂t+k)

= (1− βθ)(Θm̂crt + p̂t) + βθEtp̂∗t+1. (4.1.19)

Similarly, substituting 4.1.19 into 4.1.11, then subtracting by (1 − θ)p̂t and arranging
yields

π̂t = βEtπ̂t+1 + λm̂crt , (4.1.20)

where λ ≡ (1−θ)(1−βθ)
θ Θ.

2We can prove that dt = lnDt is equal to zero up to a first-order approximation in a neighborhood of
π = 0.



CHAPTER 4. NEW KEYNESIAN MODELS 38

Solving forward, we obtain

π̂t = λ

∞∑
k=0

βkEtm̂crt+k.

Re-consider the log-linearized form of average real marginal cost, using 4.1.9 and 4.1.17
yields

m̂crt = (ŵt − p̂t)− (ât − αn̂t)

= (σŷt + ϕn̂t)−
1

1− α
(ât − αŷt)

= σŷt +
ϕ

1− α
(ŷt − ât)−

1

1− α
(ât − αŷt)

=

(
σ +

ϕ+ α

1− α

)
ŷt −

ϕ+ 1

1− α
ât. (4.1.21)

Under flexible prices the real marginal cost is constant (MCrt = µ−1), thus m̂crt = 0.
Defining the natural level of output, denoted by ynt , as the equilibrium level of output under
flexible prices:

ŷnt =
ϕ+ 1

ϕ+ α+ σ − ασ
ât.

Then we have
m̂crt =

(
σ +

ϕ+ α

1− α

)
ỹt, (4.1.22)

where ỹt ≡ ŷt− ŷnt is denoted as the output gap, the deviation between the real output and
the natural level of output.

Substituting 4.1.22 into 4.1.20, we obtain the New Keynesian Philips Curve (abbr.
NKPC):

π̂t = βEtπ̂t+1 + κỹt, (4.1.23)

where κ ≡ λ
(
σ + ϕ+α

1−α

)
> 0.

Rewriting 4.1.16 in terms of the output gap as

ỹt = Et(ŷnt+1 − ŷnt ) + Etỹt+1 − σ−1(̂it − Etπ̂t+1).

Define the natural rate of interest r̂nt ≡ σEt(ŷnt+1 − ŷnt ). Then rewriting the equation in
terms of r̂nt , we obtain the Dynamic IS Curve (abbr. DISC):

ỹt = −σ−1(̂it − Etπ̂t+1 − r̂nt ) + Etỹt+1. (4.1.24)

Under the assumption that the effects of nominal rigidities vanish asymptotically, limT→∞ Etỹt+T =

0 In that case one can solve 4.1.24 forward to yield

ỹt = −σ−1
∞∑
k=0

Et(r̂t+k − r̂nt+k),

where r̂nt ≡ ît − Etπ̂t+1 is the (log-linearized) expected real return on a one period bond
(i.e., the real interest rate).
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In the non-policy block of basic New Keynesian model, The NKPC determines inflation
given a path for the output gap, and The DISC determines output gap given a path for the
(exogenous) natural rate and the actual real rate. In order to close the model, we need to
supplement these two equations with one or more equations determining how the nominal
interest rate ît evolves over time, i.e., with a description of how the monetary policy is
conducted.

4.1.4 Monetary Policy

Consider the equilibrium under a simple interest rate rule of the form (as known as the
Taylor rule)

ît = φππ̂t + φy ỹt + vt, (4.1.25)

where vt is an exogenous (possibly stochastic) component with zero mean. Assume φπ and
φy are non-negative coefficients, chosen by the monetary authority.

Combining 4.1.25 with 4.1.24, the DISC becomes

ỹt = −σ−1[φππ̂t + φy ỹt − Etπ̂t+1 − (r̂nt − vt)] + Etỹt+1.

Rewriting the NKPC and DISC:

(1 + σ−1φy)ỹt + σ−1φππ̂t = Etỹt+1 + σ−1Etπ̂t+1 + σ−1(r̂nt − vt),

−κỹt+ π̂t = βEtπ̂t+1.

The matrix form becomes:[
ỹy

π̂t

]
= AT

[
Etỹt+1

Etπ̂t+1

]
+BT (r̂

n
t − vt), (4.1.26)

where Ω ≡ (σ + φy + κφπ)
−1, AT ≡ Ω

[
σ 1− βφπ

κσ κ+ β(σ + φy)

]
, and BT ≡ Ω

[
1

κ

]
.

By the Blanchard-Kahn condition, given that both the ỹt and π̂t are nonpredetermined
variables, the solution to 4.1.26 is locally unique, if and only if, AT has both eigenvalues
within the unit circle. Under the assumption of non-negative coefficients (φπ, φy) it can be
shown that a necessary and sufficient condition for uniqueness is given by

κ(φπ − 1) + (1− β)φy > 0, (4.1.27)

which is assumed to hold, unless stated otherwise.
Then we consider the monetary policy shock in the system. Assume an AR(1) process

of {vt}, that is, vt = ρvvt−1 + εvt , ρv ∈ [0, 1). A positive (negative) realization of εvt should
be interpreted as a contractionary (expansionary) monetary policy shock, leading to a rise
(decline) in the nominal interest rate, given π̂t and ỹt. Because the natural rate of interest
(output) is not affected by monetary shocks, ∀t, r̂nt = ŷnt = 0 is set for the purposes of the
present exercise.
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Using undetermined coefficient method, guess that

ỹt = ψyvvt,

π̂t = ψπvvt,

where ψyv and ψπv are coefficients to be determined.
Verification:

ỹt = −(1− βρv)Λvvt,

π̂t = −κΛvvt,

where Λv ≡ [(1− βρv)[σ(1− ρv) + φy] + κ(φπ − ρv)]
−1.

Since 4.1.27 is satisfied, it can be easily shown that Λv > 0. Then we have −(1−βρv)Λv <
0, and −κΛv < 0. Hence, If vt ↑, then π̂t ↓, ỹt ↓, and ŷt ↓.

Similarly, we can solve the form of (log-linearized) real interest r̂t ≡ ît − Etπ̂t+1 as

r̂t = σ(1− ρv)(1− βρv)Λvvt,

thus we have σ(1− ρv)(1− βρv)Λv > 0.
Hence,

ît = [σ(1− ρv)(1− βρv)− κρv]Λvvt.

If vt ↑, then r̂t ↑. But if the persistence of the monetary policy shock ρv is sufficiently
high, ît ↓, since The downward adjustment in the nominal rate induced by the decline in
inflation and the output gap more than offsetting the direct effect of a higher vt.



Chapter 5

Incomplete Market Models

5.1 The Completeness of Market Structure

Definition 5.1.1: Arrow-Debreu Security

Let S = {1, ..., S} be the finite set of possible future states. Denote the payoff of an
Arrow-Debreu security for state s as ds, then it is a function ds : S → R defined by
ds(s

′) = I{s′=s}.

In a discrete state-space, we can represent the payoff of this security as a payoff vector
es ∈ RS . For the security corresponding to state s, the vector has a 1 in the s-th position
and 0 elsewhere:

es = (0, · · · , 0, 1, 0, · · · , 0)T

Let there be J available assets in the market, the payoff of each asset j is represented
by a vector aj ∈ RS . Define the payoff matrix A as:.

A = (a1, · · · ,aJ)T =


a11 · · · a1J
...

. . .
...

aS1 · · · aSJ

 ∈ RS×J ,

where asj represents the asset j in state s.

Definition 5.1.2: Complete Market

A market is complete if, span(A) = RS . That is equivalent to the rank condition of
the payoff matrix rank(A) = S.

In a complete market, any arbitrary contingent claim can be perfectly replicated (syn-
thesized) by a linear combination of existing assets (strictly, span(A) is dense in L2 space).
There is no ”unhedgeable” risk, and the equilibrium allocation is Pareto optimal. Moreover,
we have proved that the optimal consumption allocation is not history-dependent when a
exogenous Markov state variable determines the aggregate endowment.

41
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But in a incomplete market, some Arrow-Debreu security do not works (rank(A) = S),
so individuals may face idiosyncratic risk, and the history dependence is encoded in the
dependence of a household’s consumption on its current asset holdings. In addition, the
incomplete markets model also can help to explain the “equity premium puzzle” that Mehra
and Prescott (1985) showed.

5.2 Borrowing Constraint and Idiosyncratic Shocks
The incomplete markets model is first studied by Bewley (1980). Bewley’s model estab-
lishes a foundational framework where agents face uninsurable idiosyncratic labor income
shocks and borrowing constraints. Lacking state-contingent claims, individuals engage in
self-insurance through asset accumulation.

Consider an agent’s consumption-saving problem. In period t, let ct ≥ 0 denote the
consumption, and at ≥ −b denote the asset holdings or borrowings with constraint b, and lt
denote the labor endowment shock. The agent takes the interest rate r and the wage rate
w as given and solves the following problem:

max
ct,at+1

E0

∞∑
t=0

βtu(ct)

s.t.

ct + at+1 = (1 + r)at + wlt,

at ≥ −b.

Assume that lt takes values on [lmin, lmax] and follows a Markov process with transition
function Q.

Moreover, we impose the transversality condition limt→∞
at

(1+r)t = 0, which also implies
the following natural borrowing constraint:

at ≥ −wlmin
r

,

which can be derived by non-negative constraints on consumption (ct ≥ 0).
In sum, the borrowing constraint can be represented as

at ≥ −φ,

φ =

min{b, wlmin

r } if r > 0,

b if r = 0.

Define the cash on hand or total resource xt as

xt ≡ (1 + r)at + wlt + φ.

Let ât = at + φ and yt = wlt. Suppose yt is IID, then the process xt is defined by

xt+1 = Rât+1 + yt+1 − rφ = R(xt − ct) + yt+1 − rφ.

https://www.sciencedirect.com/science/article/pii/0304393285900613
https://www.sciencedirect.com/science/article/pii/0304393285900613
https://www.jstor.org/stable/1991093
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The agent solves the following dynamic programming problem:

V (x) = max
c,x′

{u(c) + βEV (x′)},

s.t.

c+ â′ = x,

x′ = R(x− c) + y − rφ.

The FOC is given by

u′(x− â′) = βREV ′(Râ′ + y − rφ),

where V ′ stands for the marginal utility of consumption.
Comparing to the case of complete market, now we prove that when βR < 1, there exists

unique invariant distribution.

Lemma 5.2.1: Contraction Mapping

Let β ∈ (0, 1) and R > 0. The consumption policy function c(x) is strictly increasing
for x > xmin and the saving policy function âx satisfies

0 ≤ â(x′)− â(x) < x′ − x, ∀xmin ≤ x ≤ x′.

Proof. Based on the FOC, we define a function f(s;x) by

f(s;x) = u′(x− s)− βREV ′(Rs+ y − rφ).

Thus, s(x) is the transition function whenever f(s(x);x) = 0.
By the Euler equation at x and x′ > x, since u′′(c) < 0, we deduce that f(â(x);x′) <

f(â(x);x) = 0, which implies a(x′) > a(x) due to f(â(x′);x′) = 0, and f is increasing to s
(or â(x)). Hence, 0 ≤ â(x′)− â(x).

In addition,

f(â(x) + x′ − x;x′) = u′(x− â(x)− (x′ − x))− βREV ′(Râ(x) +R(x′ − x) + y − rφ)

> u′(x− â(x))− βREV ′(Râ(x) +R(x′ − x) + y − rφ)

= βREV ′(Râ(x) + y − rφ)− βREV ′(Râ(x) +R(x′ − x) + y − rφ) > 0.

Combine with f(â(x);x′) < f(x̂;x) = 0, by the intermediate value theorem we obtain

â(x′) ∈ (â(x), â(x) + x′ − x),

that is 0 ≤ â(x′)− â(x) < x′ − x.
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Lemma 5.2.2: Binding Borrowing Constraint

Let βR < 1. Suppose that xmin = ymin − rφ > 0. Then ∃x̂ > xmin s.t. if xt ≤ x̂,
then ât+1 = 0, and if xt > x̂, then ât+1 > 0.

Lemma 5.2.3: Maximum Wealth Level

Let βR < 1. If − cu′′(c)
u′(c) < γ for all c sufficiently large for some γ > 0, then ∃x∗, s.t.

if xt > x∗, then xt+1 < xt.

5.3 Incomplete Market in Pure Exchange Economy

5.4 Incomplete Market in Production Economy

5.5 Aggregate Shocks and Approximate Aggregation
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