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Chapter 1

Introduction to Dynamic

Analysis

1.1 Dynamic Optimization

1.1.1 Convex Function

We begin by introducing the most fundamental concept in convex analysis: the convex
set and the convex function. Here we define an operator ¢(z,y) = az + (1 — o)y, where
a€0,1].

Definition 1.1.1: Convex Set

A C X is a convex set, if Va,y € A, Va € [0,1], ¢(z,y) € A.

Definition 1.1.2: Convex Function

f:R® —» R is a convex function, if dom(f) is a convex set and Va,y € dom(f),
Va € [0,1], there have f((z,9)) < 6(f(2), f(y)). (strictly convex if f(6(z,y)) #
o(f (), f(¥)).)-

The convex function admits the following two equivalent conditions.

Proposition 1.1.3

If f : R™ — R is differentiable and dom(f) is a convex set, then f is a convex function
iff Vz,y € dom(f), f(y) = f(z) + Vf(2)" (y — 2).

Proof. Necessity: Suppose f is convex, then Vz,y € dom(f), Va € (0,1], we have f(z +
aly —x)) < f(z) +alf(y) — f(z)), Le
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Then taking o — 01 and yields

L S+ aly =) — f(@)

a—0t «Q

=Vf@) ' (y—2) < fly) — f).

Sufficiency: Denote z = ¢(z,y). Suppose the condition holds, Vz,y € dom(f), Va €
[0, 1], we have

‘We obtain

S(f(x), f(y) = f(2) + V() [ale —2) + (1 = a)(y — 2)] = f(2) = f(¢(z.y)).
Thus, f is convex. O
Proposition 1.1.4

If f:R" — R is twice differentiable and dom(f) is a convex set, then then f is

a convex function iff Vo € dom(f), V2f(z) = 0 i.e., the Hessian is positive semi-
definite.

Proof. Necessity: Suppose f is convex, take the second-order Taylor expansion to f at x,
we obtain

flx+6z) = f(x) + Vf(x) 6z + %5$Tv2f(z)6x + R(x;6x)||6x||?,

where R(z;d6z) — 0 as dz — 0.
Since f(z + 6z) > f(z) + Vf(x)Téx, Voz we have

5xTV2 f(x)6x + R(x; 6x)||ox||? > 0.

Let 6z = ed, taking € — 0 and yields d'V2f(z)d > 0, Vd. Thus V2 f(z) = 0.

Sufficiency: Denote z = ¢(z,y). Suppose the condition holds, Vx,y € dom(f), Va €
[0, 1], we have

fly) = flz+(y —2))
7@+ V@)l — ) + 5~ 2 V) - o)
> [(@)+ V@) (y - )

By Proposition 1.1.3, f is convex. O

For a unconstrained optimization problem:

xiEHIé‘" f(:l?) '
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By Proposition 1.1.3, if Vf(z) = 0, then Yy € dom(f), f(y) > f(x). It shows that such

z is the minimum point.

1.1.2 Lagrangian Method

Now we turn to discuss the constrained optimization problem:

inf
mlenR" f($>7
S.t.
gl(x>§0a izlv"7m7
hj(x) =0, j=1,..,p

Denote z* as the minimum point and p* as the solution, i.e., p* = inf cp(,) f(z*).

Then We define the Lagrangian of the primal problem:
Z(x, A o) = f(x) + Ag + ¢h,

where (A, ) are the Lagrange multipliers associated with constraints, and A > 0.

The dual function is defined as (A, ¢) = infrex Z(z, A, ¢), and we denote the minimum
point z = 7(A, ). By taking the infimum simultaneously on both sides of the equality, we
obtain ¥(A, ¢) < p*, in other words, p* is the upper bound of ¥(\, ¢). So the dual problem

can be represented as

d*= sup  P(A ).
(X, ) ER™ XRP

We call d* — p* < 0 the duality gap, and if d* — p* = 0, then we say the strong duality
of dual problem holds. To ensure the solution implied from a dual problem is equivalent to
that of primal problem, one shall require the strong duality.

If f,g,h are all differentiable, then a first-order necessary condition for optimality, as

known as Karash-Kuhn-Tacker condition, are given by

Vi(x)+Vg(x) A+ Vh(z) - =0,
A-g(@) =0, g()<0, h()=0.

1.1.3 Optimal Control

See Acemoglu (2007) chapter 7.

1.2 Application: Basic Ramsey-Cass-Koopmans Model

1.2.1 Environment

We introduce a basic deterministic Ramsey-Cass-Koopmans model in discrete time, which
has no government sector, but population growth and technological growth. In addition, we
only considered a sequential trading asset market and the notion of sequential competitive

equilibrium.


https://press.princeton.edu/books/hardcover/9780691132921/introduction-to-modern-economic-growth
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For households, there is a continuum of households of measure unity. Each household
consists of identical members whose size grows at gross rate g,. Household derives utility

from consumption according to the following function:

oo
> (Bgn)'u
t=0

where 8 € (0,1) is the subjective discount factor and ¢; represent a household member’s
consumptlon To ensure the solution properties of the decision problem, we assume %= > 0,
(c,-) = o0.

Households receive income from firms by renting capital and supplying labor. Then a

representative household’s budget constraint is given by
¢t + it = Rtkt + weN,

where i, ki, Ry, and w; represent investment, capital, the rental rate, and the wage rate,
respectively.
Naturally, the dynamic transfer of assets should satisfy:

Gnkey1 = (1= 0)ks + iy,

where § € (0,1) is the depreciation rate of capital.
By the FOCs, we obtain the Euler equation of household’s UMP:

Ue (Ct+1) 1

uc(cr) — B(Rep1+1-96)

Moreover, we impose the transversality condition as follows:

tlggloﬂ Ue(Ce, ) ke = 0.

Combined the FOCs with two constraints, one has derived the optimal decision concern-
ing {ct, k1,10t 152, under the given sequences of market price Ry.

For firms, there is a continuum of identical firms of measure unity. Each firm combines
capital and labor to produce goods using a CRS production function. Technology A; growth
at the gross rate g, so that A;11 = g, A;. The aggregate production is given by

}/t = F(KtaAtLt)7

where Y;, K;, and L; represent aggregate output, capital, and labor, resprectively. Assume
that Fis homogeneous of degree one and satisfies F(0,-) = F(-,0) = F(0,0) = 0, £ > 0,
O, 8K2 < O, 8L2 < 0, and Inada conditions.

Slnce the firm rents capital and hires labor each period, it solves the following static
problem!:
Ht = max F(Kt7 AtLt) - Rth - ’LUtLt.

t7Lt

1The price of the output is normalized as 1.
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Its optimal solution implies,

OF (K4, ArLy)

6Kt = Rta
OF (K4, A¢Ly)
78_[4 = Wt.

In this model, a sequential competitive equilibrium consists sequences of per capita
quantities {ct, kry1,4: 152, aggregate quantities {Cy, It, Ly, Ky 41152, and price {wy, R:}$2,
such that:

1. Given prices, {ct, kiy1,9: 152, solve the UMP.
2. Given prices, {Ky, L} solve the PMP.

3. All markets clear, in the sense that Cy + I; = F(K;, A;L:) or in the form of per capita

¢ + it = F(kt,Atl)

To discuss the efficiency of equilibrium, we consider a social planner’s problem in which
the social planner chooses consumption, and investment to maximize a representative house-
hold’s utility subject to the resource constraint.

Specifically, social planner chooses ¢, iy, and k11 so that solve the following problem:

maXZ Bt Nyu(ey, 1y)
i

S.t.

Nt(Ct + 1t) = F(Ntkt, AtNtl),
Ntkt-i-l = (1 — 5)Nt_1kt + Ntit.

The Euler equation is given by

UC(Ct+1) _ 1 _
uc(ct) B(Fr(ke, Appal) +1—6)

It shows that the allocations under the social planner is the same as that of the decen-
tralized equilibrium. In other words, the allocations and prices in this model reached the

Pareto optimality.

1.2.2 Solution

In this section, we use a CIES utility function u(c;) = clf_; where 0 > 0 and 0 # 1, and a

Cobb-Douglas production function F(K;, A;L;) = K{(A;L) =%, where a € (0,1).

The complete economic dynamic system can be expressed as

ue(cr) = Buc(cepr)[Fr(ke, Appal) +1— 6],

Nt(Ct + Zt) - F(Ntkta AtNtl)7
Ntkt+1 = (1 — 5)Nt_1k}t + Nig.
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By de-trending the population growth and technical progress N;A;, we obtain a stable

dynamic system:
(615) = ﬂg;ch(6t+1)[Fk(];t+1v l_) +1- 5]7
& +ir = F(ky, 1),

gnga];:t+1 =(1- 5)];& +it,

~ c 7, ke i
where ¢; = 7Nti4t’ k= N and 7, = NttA,,'
and the system

In steady state, the fixed point satisfies ¢ = ¢11 =

+1_k7

??‘1

¢, ki =
can be represented as

1= B9, 7 [Fr(k,D) +1— 4],
gngak = (1 - 6)E (I?:, l) —C

where F(k,1) = k*[*—2.
We derive the steady state of capital and consumption as

opn—1 _ _ ﬁ _
o [t
(%

E:(l_d_gnga)]%_FF(]%a )

Then we consider the log-linear approximation of this system
. 1—8k+aF(kl)- c .
b o Q-0 4aFGD, e
Ingak

fala—1) F(ED
o oo

Ct+1 = Ct +

where ¢, =Iné; — Iné; = E‘é;f", and ky = Ink, — Ink, ~ ’;‘E;j“’
When the growth rate g, = g, = 1, the log-linearized dynamic system can be simplified

as
. ..
— k= (87" = Dk — &

. ) ala—1) F(k,1
Moy = Pala =1 F(RD,
o k

Aky = ki

kt+1

Qualitatively, the system shows that BA’“ > 0, BA]“ < 0, and aAct < 0. Consider the

isocline for two variables, we obtain

Then the phase diagram can be showed as
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Figure 1.1: Phase diagram of basic Ramsey model

1.3 Application: Dynamic Input-Output Network Model

Comparing to the static input-output models (Acemoglu et al., 2012), the dynamic version
shows how temporary shocks affects persistently due to adjustment costs in input-output
linkages.

In this section, We extend the social planner’s problem by Liu and Tsyvinski (2024) to

a decentralized economy.

1.3.1 Environment

In this continuous-time model, there is a representative consumer with exogenous labor
supply [ and N production sectors that produce from labor and intermediate inputs. The

consumer has utility
o0
14 E/ e P lnc(t)dt,
0
where ¢(t) is a Cobb-Douglas aggregator over sectoral goods j =1, ..., N:

N N
ct)=[]e;®)%, > Bi=1,
j=1 j=1

where 8; > 0. By the property of Cobb-Douglas utility, the demand function becomes

pi(t)es (1) = B,2(1), (13.1)

where p;(t) is the price of good j, Z(t) is the total expenditure.

At each time ¢, the output of production ¢ satisfies
N N
ai(t) = z(OLO™ [[my )79, a+) 0 =1,
j=1 j=1

where 0 < a;,045 < 1, 2(t) is TFP, [;(t) is the amount of labor used, and m;;(t) is the
amount of the intermediate good of the sector j used in the production of the good 3.

To use input m;; at time ¢, firm ¢ needs to buy

Sij = Myj; X €xXp (5”)

mij


https://www.aeaweb.org/articles?id=10.1257/aer.102.1.131
https://academic.oup.com/restud/article-abstract/91/6/3608/7595675
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units of input j. The term exp ((5 %) represents the adjustment cost that producer i has
ij

to incur when it raises the quantity of input j. The logarithmic form becomes
mij (t) = (571m¢j (t) [ln Sij (t) —1In myj (t)] .

Firm 4’s intertemporal problem can be represented as
0o N
max [ e a0 - wO®) - 3055 (0)] .
L) s (D} Jo =
The goods and labor market clearing conditions are
N
g (t) = c;(t)+ Y sij(t) Vi, (1.3.2)
i=1

N
IACESS (1.3.3)

j=1

For simplicity, we assume goods delivered to the consumer are not subject to adjustment
costs, and neither is the use of labor across production sectors.

From now on, wherever it does not cause confusion, we suppress dependence on time t
in the notation.

Consider the current-value Hamiltonian for firm :

N N
i =piqi —wl; — ijSij + Zuiﬂhzj
Jj=1 Jj=1
N N
=pigqi — wl; — ijsij + Z/Jij(s_lmij(ln sij — Inmgj),

=1 =1

where p;; denotes the shadow value of m;;. The FOCs of control variables become

8%L' ql
W= P 1.3.4
o, W= p;q; L (1.3.4)
0, Sis
‘. ii = 0D LU 1.3.5
(9Sij HJ p] mij ( )

For the state variable, we obtain the Euler equation of j;; by FOC:

0%,

6mij

Mij = Plij —
_ 4qi -1
= phij — |Pioi—— + pig0 (Insg; — Inmg; — 1)
mij

This is a two-dimensional ODE system about both p;; and m;;, which is difficult to be
solved directly. Thus, we define (;; = p1;;m4; as the value of input stock. By 1.3.5, we have
Gij = 0pjSij-
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Consider the derivative of (;; with respect to ¢:

Gij = figmij + pijnivi;
= |puij — pi“ijmi; = pig0 (I sg; — Inmgg — 1) [ s + pigd ™ myg(Insi; — Inmi)
= pPlijMi; — Pi0i;q; + Mijmij5_l
=(p+ 06 ")Cj — pioijai,
which is a linear one-dimensional ODE system.

Recall the transversality condition:

Jim e g (t)mi () = lim e™#"(5(t) = 0.

Let t = 0, it becomes
i —pter. . —
t11>1£10 € CU (0) 07
which implies ¢;;(0) = 0 as the initial condition.
Then solving the ODE system:

t
Gy(0) = et 05 (0) = [0t ()51,
0
In equilibrium, economy converges to steady state, i.e, éij = 0. Hence,

(p+0 "G = (p+ 0 )dpjsij = pioij i,

which can be simplified as
Disi; = Pigijqi
% T s

(1.3.6)

In this model, firm i’s demand for input j depends on its own output value p;q;, the

input elasticity o;;, the adjustment cost § and the discount rate p.

1.3.2 Proportionality Relations

Lemma 1.3.1

For any initial condition {m;;(0)}, the solution to the problem features a constant

fraction of each good j being sent to the consumer and to each input user i along

the entire transitional path: Vi, j, ;;78 and ZZ 8 are time invariant. The solution
i ,
ligt)

also features a constant labor allocation along the entire transition path as Vj, =~

is also time invariant.

Proof. Define the intermediate input sales proportion by v;; = %, and the consumption
J

proportion by w; = ;—J By 1.3.3, we have
J

N
wj + Z’Uz’j =1 Vj, (1.3.7)

i=1
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and by 1.3.1, we have
B2
iq; = ——. 1.3.8
Pjq; w; ( )
From 1.3.6, dividing both sides by p;q; yields

Sij _ _ Pi%4iiqi
g pig;(1+po)’
then by 1.3.7 we obtain

_ Sij 04§ Biw;
= = 1.3.9
g (14 po)Bjwi (1.89)

then solving for w;:
N -1
1 0B
T+—=)y ——= 1.3.10
( B = Z (14 pow ) ( )

In equilibrium, the existence of a solution requires w; to be constant, ensuring propor-
tionality invariance along the transition path.
Now we consider the labor allocation proportionality. Combining 1.3.3 and 1.3.4:
Li Piiq;

I Y ipjokar’

then by 1.3.8 we have

l; _ a;Biw;
I >, arBrwy
When w; is constant, the labor allocation proportionality 77 is proportional to «;f3;,
which is constant. O
Define

=In Z s5i;(t) —In Z mi;(t

which is the log-ratio between the quantity of good j supplied to and used by other producers.

ij

In a steady state, Zj; -
i Mij

=1, then Vj, ; = 0. Away from a steady state, the ratio captures
the proportional adjustment costs incurred for expanding input j in production. One can
prove that both m;;(t) and s;;(t) grow at rates independent of ¢ during the transition, so

§~1ax;(t) is the rate at which all sectors expand their use of input j.

1.3.3 Solution

In what follows, we use boldface to denote vectors (lower case) and matrices (upper case).
Let X = [0y;] denote the matrix of input-output elasticities, and let 8 denote the N x 1
vector of consumption elasticities. Let o be the vectore of sectoral value-added shares. Let
7' = B'(I - %)~ ! be the vector of Domar weights.
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Lemma 1.3.2: Laws of Motion for Sectoral Output and GDP

Consider the economy recovering at time 0 from a TFP shock vector z, then
1. The law of motion for sectoral ouput q is

dlnqgq
dt

=5 '2x(t), (1.3.11)

with initial condition In q(0) = Inq** — /(I — )~ !z.
2. The law of motion for GDP is

dlnc(t)
dt

=018'Ex(t), (1.3.12)

with initial condition Inc(0) = Inc** — 3/(I — X)~z.

3. The path of the log-ratio between inputs supplied and used satisfies
—7 = 511 - 2)x(1), (1.3.13)
with initial condition x(0) = Z.

Proof. Since all sectors uses input j with same growth rate, we have

d N
3 sl
a In (i:1 m”> =4 x](t)

By the production function, the output growth rate for sector j becomes

N

q; % l; Mk
izi“‘()ﬁf"’ > Ujk'mij-
qj J i = ik
During recovery, z; = l; = 0, thus,
q N i N
J Jk -1 Z
G = ik k=1

Transforming this equation into matrix form, 1.3.11 is proved.

Since constant fraction of output allocated to intermediate inputs, we have

d a dlng, N
_ i -1
T In (;_1 3ij> TR 1) g:l ojkzk(t).
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By definition of z;(t),

dz;(t) d -
ety ln (Z s”> T In (; mij)
N
_ 1 [xj (t) - Zojkmt)] -
k=1

Transforming this equation into matrix form, 1.3.13 is proved.

Since constant fraction 3; of each good j sent to final consumption, taking logarithms

and differentiating the consumption function:

dh(lic :ivz 1ncj ZﬁJdln%

By 1.3.11, 1.3.12 is proved. O

Finally, we obtain the solution to the dynamic system.
By 1.3.13, we have
x(t) = exp[-0 (I — Z)t]z. (1.3.14)

By 1.3.11 and 1.3.14, we have
t
Inq(t) =Inq(0) + 5_12/ x(s)ds
0
=Ing® — 1 - %) Lexp[—d I - D)t]z.
Similarly for GDP:

Inc(t) =Inc*® — f/E(1 - ) Lexp[—d (I - X)t]z.



Chapter 2

Deterministic Difference

Systems

2.1 Scalar Linear Difference Equations

2.1.1 First-Order Linear Difference Equations

Consider the following scalar first-order linear difference equation:
Tiy1 = bxy +czy, t 20,

where x4, b, ¢, and z; are all real numbers. Assume that {z;}52, is an exogenously given
bounded sequence. If cz; = 0, V¢, then this equation is homogeneous. And if z; is constant
for each t, then it is autonomous.

In the autonomous case, we may suppose z; = 1, V¢ without loss of generality. We then
obtain:

Ti+1 = bet + c.

Under the initial value, we iterate the above dynamic equation forward from period 0:

t C C
xt_b(xo 1—b) 1-b
C

« If |3] < 1, then the solution will always converge to the stationary point z = 1%;.
In this case, we call T a globally asymptotically stable steady state. When x( is not

given, then the solution is indeterminate.

o If |B] > 1, then the solution explodes or is unstable, Vag # Z, unless g = . When

. . . . . — t —q . .
T is not given, we iterate it forward and obtain zq = Stz — ijl b~7¢, implies
To = 723 = T, then V¢, z; = T.

In the nonautonomous case, firstly we consider the case in which zo and {z:}32, is

exogenously given, and z; is given by

t—1
Ty = bt:EO +c E b]'zt—l—j-
J=0

15
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o If |8] < 1, then
t—1
lim z; = lim ¢ V21—,
t—o0 t—o0
Jj=0
where a finite limit exists because we assume {z;} is a bounded sequence. Thus we

call this limit a generalized steady state. It is globally asymptotically stable.
o If |8] > 1, then the solution will diverge.

o If |3] = 1, then the solution does not converge to a finite limit unless 372, z; is finite.

Suppose xg is not given, we may solve for x; by forward iteration under the assumption

lim7_ 0 b_T:Et+T = 0 which is called transversality condition or no-bubble condition:

c T-1 c T-1

-T —j —q

l‘tzb mt+T_5 E b Jzt+j:_5 E b ]Zt_;,_j.
=0 7=0

o If |4] > 1, then the above infinite sum is finite since {z:} is a bounded sequence.

o If |8] < 1, then there is an infinity of bubble solutions, which are globally stable rather
than exploding.

If we remove the transversality condition, then the first-order equation admits many
unstable solutions. Let x; denote the solution as above, and for any B; satisfying

By = bBy,
since
Ti41 = l';k_,’_l + Bt+1 = bx’; +czy + bBt = bet + CZt,

then x; = x; + By is also a solution. We often call the x} fundamental solution and B; a
bubble. The bubble grows at the gross rate b.

2.1.2 Lag Operator

Lag operators provide a powerful tool for solving difference equations. They are also useful

for analyzing economic dynamics and time series econometrics.

Definition 2.1.1: Lag Operator

—+oo

t=—0o0?

Consider a sequence {X;}
by

Vn, the lag operator L on this sequence is defined

LXy = X1, L"X; =X n.

In addition, L™c = ¢ for any constant c¢ that is independent of time.
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Specifically, for a infinity sequence x; = [x1, 2, ...]T, the lag operator can be written as

0000
1 000
L=1l0 10 0
0010

The following formulas are useful in applications:

1

e — I,
v ;OAL, VI <1

and -
(I—AL")™' =" AL,
j=0
if all of the eigenvalues of the matrix A are inside the unit circle.
2.1.3 Second-Order Linear Difference Equations
Consider the following scalar second-order linear difference equation:
Tpyo = axiy1 + bwy + czy,

where z,, € R is exogenously given, a, b, ¢ are real-valued constants, and {z;}$2, is the given
bounded sequence.

We write this equation as:
(L™2 —aL™! — b)a; = cz,
then factorize the LHS of above equation to derive
(L7 = AL = Xo)zy = ez,
where A1, Ay are the solution to the characteristic equation,
A —a\—b=0.

By the method of factorization (Sargent, 1987), a particular solution is given by

(L=t — X)) (L7t = Xp)

y
If we can find the solution :cf to the homogeneous equation ;12 = azi41 + bxy, ie.,
(L=2 —aL~! — b)2} = 0, then the solution is given by z; = 2} + 2. Thus, we focus on the

homogeneous case below. There are three cases to consider.


https://www.hup.harvard.edu/books/9780674218772
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Case 1: The two roots A\; and Ay are real and distinct.

The general solution to the homogeneous equation is given by
ho_ o\t t
Ty = Cc1A] + 2y,

where ¢, co are constants to be determined by the initial value condition and an additional

boundary condition. Without loss of generality, we assume |A1| < |Az.

o If [A1| > 1 and |Az] > 1, then solution explodes as time proceeds. The steady state is

called a source.

o If|A\1] < 1and |A2] <1, then for any initial value, the solution converges to the steady

state. This steady state is called a sink, and the solution is indeterminate.

o If |A\1] < 1 and |A2| > 1, then The solution for this case is often called the saddle path

solution. The associated steady state is called a saddle point.

In the saddle path case, we can transform the expression into the following form:

_cy
-1 o CZ¢ o A
(L 7)\1)1%—]:‘_1_)\2—175_1.
A2
Since
(L™ = N2y = 241 — My,
and - -
% __° (A’lL’l)jzt——LZ)ﬁsz»
L-1 - 70
1-75 A2 55 A2 i
we obtain

c e’}
Ti4+1 = )\11‘t — )\72 E AijZH_j.
J=0

Case 2: The two roots A\; and A\, are identical.
Denote A\; = Ay = )\, the general solution is given by
ho_ t
xf = (c1 +teg) N,

where ¢; and ¢y are two constants to be determined by two boundary conditions. For
stability, we need the two roots to be less than 1. Without imposing a boundary condition
at a finite time, the solution is indeterminate since c¢; and ¢, cannot be uniquely determined.

Case 3: The two roots A\; and Ay are complex.
Suppose that A\; = re' and Ay = re~i%. The general solution is given by
2 = A 4 e = rt(ce? 4 cpe 1),

where ¢; and ¢y are two constants to be determined. If boundary conditions involve real

numbers only, then the solution must be real.
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We usually impose extra restrictions that only involve the real number, then we have

ah = rley(cos(0t) + sin(6t)i) + rica(cos(t) — sin(t)i)
=r(c1 + ¢2) cos(Bt) + r'(c1 — ca) sin(6t)i.

If ¢; and ¢y are conjugate complex numbers, then both ¢; + ¢ and (¢; — ¢2)i are real.

Consequently, we can write the solution as
ah = r'[Acos(0t) + Bsin(0t)],

where A and B are two real numbers to be determined by two boundary conditions.
This solution oscillates with the frequency of %. If » < 1, then the oscillations are

damped; if r > 1, then they are explosive.

2.2 First-Order Linear Systems

An alternative way to solve the second-order linear difference equation is to transform it into

a system of linear difference equations by introducing an auxiliary equation 11 = y41:

Ti41 - 0 1 Tt
Tiio b a| |Ti11

In this case, z; is predetermined, but z;;; is non-predetermined. In a similar way, we

0

Cc

+

Zt.

can transform any higher-order linear difference equation into a system of linear difference
equations.

In this section, we consider a general system of the following form:
Axiy1 =By +Cz, t=0,1,2,...,

where z; € R™ is endogenous, z; € R™= is a vector of exogenous forcing variables, and A, B,
C are conformable matrices.
Following King and Watson (1998), we make the following regularity assumption:

Ja s.t. det(Aa — B) # 0.

When the pair (A, B) satisfies this assumption, we say it is regular. This assumption is
essentially a solvability condition. To see why there may not have a solution if regularity

condition is violated, we rewrite the original form as
(AL71 - B)Z't = CZt.

If Vo, Ao — B is singular, then J(«) s.t. ¥(a)(Aa — B) = 0 identically in «, since its
rows are linearly dependent. Thus, we have 1(L~1)Cz = 0. This equation cannot hold for
all sequences {z;}.

Prior to the formal discussion, we first introduce the definition of matrix stability.


https://www.jstor.org/stable/2527350
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Definition 2.2.1: Stability

An eigenvalue \; of matrix A is stable if ||\;|| < 1, It is unstable if ||A;|| > 1. Matrix
A is stable if Vi, ||\;]] < 1.

2.2.1 The Blanchard and Kahn Method

The solution for the case of nonsingular A is first studied by Blanchard and Kahn (1980).

In this case, we rewrite the original form as'

Ti+1 = AilB.’,Et + Ailc’zt.

Define W = A~!B. By the Jordan form, 3P (left eigenvectors of W) s.t. W = P=1JP,

where J is a Jordan matrix:

Ji Ai

m; XMmg;

where A1, ..., \; are the eigenvalues of W satisfying det(WW — AI) = 0.
We can further rewrite the original form as

Ti41 = P_lJPact +A_1C,Zt,

then
Pxy 1 = JPxy + PA™1C%.

Define 2} = Pz; and C* = PA~'C, then we transform the system into
ri = Jry +C 2.

Solving this equation backward, we obtain the backward-looking solution:

t—1
x; =th3+ZJjC*zt_1_j, t>1,
=0
where L )
Ji O D
J4 A At
Jt Al

If 2o is exogenously given, then z{ is determined, and the solution only requires of

stability of eigenvalues of matrix W. By solving for {x}}, we obtain the solution z;, = P~1z}.

LIf 2 is not an eigenvalue of A~!B, then det(Az — B) = det(A) det(Iz — A~1B) # 0. Thus the regularity
assumption is always satisfied.


https://www.jstor.org/stable/1912186
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If some components of o are not given, in the presence of non-predetermined variables,
we cannot use the backward-looking solution. To solve this case, we firstly re-order the
components of z; as x; = [k, y:]7, where y; contains n, non-predetermined variables and
ki contains nj = n — n, predetermined variables.

Suppose W has n, unstable eigenvalues and ns = n — n,, stable eigenvalues. Assume W
has no eigenvalues on the unit circle, which called the hyperbolic condition. we order the

eigenvalues from smallest to largest, and partition the Jordan matrix as

J.

where all eigenvalues of the ng X ngs matrix J,; are stable and all eigenvalues of the n, x n,
matrix J, are unstable.
Similarly, we partition =} and C* as

St
ko
T, =

Ut

so that they are conformable with the partition of J. Then we rewrite the transformed

St+1 _ Js
Ut41 Ju

The second row of the above system is diverged:

Cs

y Cr =
ca

b

system as
Cs
Ca

St

+ Zt-.

Ut

U1 = Juut -+ C;Zt,
which implies
(L_l — Ju)ut = C;Zt,

then

Uy = (L_l — Ju)_lC;zt
=-J I -Ltg )0
=—J, 'Y (LY Oz

7=0

0

_ —7—1 %

= — E Juj Cuzt+j7
—

J

where we need {z;} to be stable for the series to converge.

Recalling that the transformation of matrix P implies
5t ky
Ut Yi

Psk Psy
Puk Puy

=P

ki
Yt
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where
Psk Psy
Puk Puy

Ng X NE Mg X Ny
Ny X N Ny X Ty

The second row implies that
up = Pupks + Puyys.

Let t = 0, we obtain
Pryyo = uo — Purko.

Now we give the Blanchard-Kahn conditions to ensure the system has a unique stable

solution for any given ko and stable sequence {z;}:

1. The number of unstable eigenvalues of W' is equal to the number of non-predetermined

variables, i.e., n, = ny.
2. P,y is nonsingular.

Under these conditions, since u, can be solved as above, yo can be represented as
=P lug — P Pk
Yo = Ly Yo ny L ukRo-

Thus, this system can be determined. All points (ko,yo) satisfying the above equation
form an nj-dimensional subspace of R" is called as the stable manifold.

If the hyperbolic condition is violated, the solution constructed still applies to this case.
However, the solution may not be stable. For example, suppose ny = 1, then k; behaves
like a random walk, which is not stable in general.

If the Blanchard-Kahn conditions are violated, then there are two cases.

o If n, > ny, then there is no solution (a.e.) to the system, since m(ug — Purko) =0 in
the space of R™ x R™v.

o If n, < ny, then here are infinitely many solutions to the system. The solution is

indeterminate.

2.2.2 The Klein Method

In many economic problems, the assumption of nonsingular A is violated. In this case, We
follow the approach of Klein (2000).
Firstly, we introduce the generalized Schur decomposition which is also called the QZ

decomposition.

Definition 2.2.2: Generalized Eigenvalues / Eigenvectors

A scalar X € C is a generalized eigenvalue of the matrices (A, B) if there is a nonzero
vector © € C" such that Bx = AAxz. We call x the corresponding right generalized

eigenvector.


https://www.sciencedirect.com/science/article/abs/pii/S0165188999000457
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Theorem 2.2.3: Complex Generalized Schur Form

If the n x n matrices A and B are regular, then there exist n X n unitary matrices

of complex numbers ) and Z such that
1. QAZ = S is upper triangular;
2. QBZ =T is upper triangular;
3. Vi, sy, ty £ 0;
4. MA,B) = {;;. . 0};

5. The pairs (s;,ti). ¢ = 1,...,n can be arranged in any order.

Proof. See Golub and van Loan (1996) or any related textbook of matrix computations.
O

Let S and T be arranged in such a way that the ng stable generalized eigenvalues come
first. The remaining n, generalized eigenvalues are unstable. Define z} = ZHz2. We

rewrite the original form:
QAZZM 2, 1 = QBZZ"x, + QCx,

then
Sxy =Ty +QZz

As in the previous subsection, we use the partition:
kil np x1 . S| mgx1
Tt = 5 LEt = .
Y| ny x1 up| ny %1

We also partition Z conformably with the above partition:

7 Z11  Ziz| ng Xnp  ng X Ny
Zgl ZQQ Mg, X ML Ny X le7
so that
S S s T T s
11 12 t+1| _ |In 12 . Q1 Oz,
0 Soof |urs1 0 Too| |ug 2

By the ordering of stable generalized eigenvalues, S1; is invertible because all diagonal
elements s;; of S1; cannot be zero. In addition, T, is also invertible because all diagonal

elements t;; of To9 cannot be zero.
Similarly to the Blanchard-Kahn condition, We assume ng = nj and Zl_l1 is invertible.

The hyperbolic condition also holds.

27H = 7-1 since Z is a unitary matrix.


https://www.cambridge.org/core/journals/mathematical-gazette/article/abs/matrix-computations-3rd-edition-by-gh-golub-and-cf-van-loan-pp-694-1996-25-paper-54-hard-isbn-0-8018-5414-8-0-8018-5413-x-johns-hopkins-university-press/4D2EDDE8D09848AD0D609C3137E94ECA
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Denote C* = Q1C and C = Q2C. We can solve {u;} by the second row:
up = =T (T — L7 T35 Sa0) ' Cri2

o0
= —T5" Y (T S22) Czay 5.
=0

In addition, we know that the non-predetermined variable follows
ki = Zi1se + Z1ouy.
Since Z1; is invertible by assumption, we obtain
S0 = Zl_ll(kg — Zi12ug).
By the first row we have
S118t41 + S12ter1 = Tiise + Tiour + C 24,
then manipulating it yields the backward-looking solution:
se41 = S1y (Tuise + Thouy — Siauir + Cozy).

For given sg and {u;}, we can solve {s;} as above. Thus, {k;} and {y;} are also solved.

2.3 Nonlinear Systems

Consider the following first-order nonlinear system:

f($t+1»$t, Zt) =0,

where x; € R™ is endogenous, z; € R*F is a vector of exogenous forcing variables, and
f:R?" xR" — R"™. Many high-order nonlinear systems can be transformed to a first-order
system by a suitable change of variables as we have done previously.

We assume the steady state Z exists, then take the first-order Taylor approximation

about T:
0= fz’xt-i-l + fl'xt + fzzta

where f,» = 8;?7,]:_1’ fz = BTft, and f, = g—i, respectively, evaluated at the steady state.
Since the equation above is a linear system, we may apply the method discussed before
to analyze this system. The critical conditions for stability are based on the properties of

the generalized eigenvalues of the pair of Jacobian (f,/, —f.) evaluated at the steady state.



Chapter 3

Dynamic Programming

3.1 Markov Decision Process Model

Economic decisions can often be summarized as a problem in which a decision maker chooses
an action to influence a stochastic dynamic system so as to maximize some criterion.
To ensure a recursive structure, we formulate the framework by a Markov decision pro-

cess, which consists of five elements:

e Time: The decisions are made at discrete points in time, denoted by t € I =
{0,1,...,T}, where T < co.

e States: At each time t, the system occupies a state s;. The initial state sq is exoge-
nously given. Denote the set of all possible state by S, call the state space.

o Actions: Denote A as the action space which consists of all possible action'. After

observing the state sy, the decision maker choose an action a; € A. Moreover, The
constraints on this action are described by a correspondence I" : S — A, that is,

T'(s¢) C A is the set of feasible actions given that the current state is s; € S.

e Rewards: As a result of choosing action a; at state s; at time ¢, the decision maker

receives a one-period reward wu;(sy, a;).

e Stochastic Kernel: The system state at time ¢ + 1 is determined by the stochastic
kernel Piy1 : (S x A) x & — [0,1], that is, Pry1(se,aqe;+) is the probability measure
for the set of states at time t + 1, if the action and state at time ¢ are s; and ay,
respectively”?. In addition, VB € &, P,11(+,+,; B) is the measure function on S x A.
Define the Markov semigroup as a group of stochastic kernel 2 = {P,}1_;.

We can define the Markov decision process as follows:

{57, (87‘5))7 (A,.SZ{),F,QD, {ut}tT:(J} .

ILet (S, ) and (A, &) be some measurable spaces, where & (&) is the o-algebra of S (A).
2If the transition function is s¢11 = f(st,at), then the probability measure becomes Pyy1(st,at; B) =
I(f(s¢t,at) € B).

25
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We have assumed that 5, A and I are independent of time, but P;;; and u; may depend
on time. For the infinite-horizon case, we shall assume that Py, and u; are independent of
time. In this case, the Markov decision process is stationary.

In sum, a Markov decision process has the following essential features:
o The state system {s;}_, is governed by a Markov process.

o The stochastic kernels & of this Markov process are affected by the decision maker’s

current actions, independent of future or past actions.

e The constraints correspondence I' maps from a current state to a set of actions, inde-

pendent of histories.

e The one-period rewards u; are a function of current states and current actions, inde-
pendent of histories. In the finite-horizon case, the terminal reward is either zero or a

function of state only.

A Markov decision process together with an optimality criterion is called a Markov
decision problem. A Markov decision process and the associated decision problem form a
Markov decision process model. We will give the formal definition of the Markov decision

problem. Define the product measurable spaces (St,8), t=1,...,T.

Definition 3.1.1: Plan

A plan or policy 7 is a sequence of actions (g, 71, ...) such that g € A and m; : St —
A is measurable. It is Markovian if 7; is independent of {st}i;é. It is stationary if
7, is independent of time t. It is feasible from sg € S if my € I'(so) and V¢, Vs' € S,
m(st) € T(sy).

We next define the expectation with respect to decision maker’s states and action. Given
an initial state s, a feasible plan 7 from sg, and the stochastic kernels &, define a probability

measure on &7 as:

t
[Lt(SO,B;TI') = / o / / HPi(si_l,m_l(stfl);dst) X Pl(S(),’/To;dSl),
B, B,_1 /B

ti=1

where B = szl B; € 8. In the infinite-horizon case, the sequence of measures uf(sg, -;7),
t = 1,2,..., induces a unique measure p>(sg,-;7) on > by the Kolmogorov Extension
Theorem.

For any plan m € II(sq), where II(sg) denote the set of all feasible plans from sg, the

total discounted expected rewards for T' < oo is defined as:

T-1
I (80, ) = ug(s0,7) + Z B /ut(st,wt(st))yt(so,dst;ﬂ) + 6T /UT(ST)/,LT(SQ,CIST;’/T).
t=1

If T = oo, we define the total discounted expected rewards as:

T
J(s0, ) = up(sp,m) + lim Zﬁt/ut(st,ﬂt(st)),ut(so,dst;ﬂ).
T—o0 =1



CHAPTER 3. DYNAMIC PROGRAMMING 27

We assume that the above reward function is integrable and the limit exists. Then, for

each s € S, if T' < oo the optimality criterion is defined as:

Vo(s) = s Jg (s,7),
well(s

orif T'= oo:

V(s)= sup J(s,7).
well(s)

In an infinite-horizon Markov decision problem, V : S — R is called the value function.

3.2 Infinite-Horizon Dynamic Programming

In this section, we we will prove the infinite-horizon Principle of Optimality by establishing

three theorems. Recall that the value function is defined by

V(s) = sup J(s,7),
well(s)

where II(s) is the set of feasible plans from initial state s € S, and J(s,n) is the total

discounted expected rewards from 7.

Lemma 3.2.1

Let (S,8), (A, &), I, P, u, and § be given, and a series of assumptions satisfied,
then for any so € S and any 7 € II(so),

J(s0,m) = u(so,mo) +/3/J(Sla0(77751))P(5077To;d81),

where C(m, s1) is the continuation of plan 7 following s;.

Proof. By definition,
J(s0,m) = u(sg,mo) + B ILm Zﬂtfl /u(st,ﬂt(st))pt(smdst;w).
t=1

The second term on the right-hand side can be transformed as:

Jim 375 [ (s m(s) (. s )
t=1

n—oo

= lim [ s1,mi(s +Zﬁt 1/ut sg,m(s1)) 't (51, dsh; O(m, s1)) | P(s0,7m0;ds1)

/ lim wu(sy,7mi(s +Z»3t 1/Ut (s, m(s"))p' =1 (s1,dsh; C(m, 51)) P(s0, mo; ds1)

n—oo

:/J(Sl,0(77751)P(50,7T0;d31)7
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where the second equality from the Monotone Convergence Theorem if u > 0 or v < 0, and

from the Dominated Convergence Theorem if u take on both signs. O

Theorem 3.2.2: Dynamic Programming Principle

Let (S,8), (A, &), T, P, u, and § be given, and a series of assumptions satisfied,

then the value function V(s) satisfies the following Bellman equation:

V(s) = sup u(s,a)+/V(s’)P(s,a;ds’)
a€l'(s)

Proof. For any plan 7 € II(s), by the property of supremum, we have
V*(s) = sup u(s,a)+ / V(s")P(s,a;ds")
a€l'(s)

> sup u(s,)+ [ (O ) Ps, a3
a€T'(s)

u(s, mo) + / J(s',C(s', 7)) P(s, 0 ds')

v

=V(s).

Thus, V*(s) > V(s).
By assumption, Ve > 0, 3s, n° € II(s) s.t. J(s,m) +¢ > V(s). Thus, by Lemma 2.2.1,

we have,

V(s)= sup uls,mo)+ A / (s',C(s, 7)) P(s, 0, ds")

w€ell(s)
> sup u(s,a)+ B / (V(s') — &) P(s, 0, ds")
a€l’(s)

= V*(s) — Be.

Let ¢ — 0, we obtain V(s) > V*(s). Combining the above two steps completes the
proof. O

This theorem demonstrates that the value function implied from sequential problem is
equivalent to that of Bellman equation. Moreover, in dynamic programming problem, if
there is a solution a € I'(s) that attains the supremum in Bellman equation, we denote the
set of all solutions as G(s). This defines an optimal policy correspondence G : S — A.

The following result demonstrates that under some conditions the solution to the Bellman
equation gives the value function for the Markov decision problem. In addition, any plan
generated by the optimal policy correspondence from the dynamic programming problem is

optimal for the Markov decision problem.
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Theorem 3.2.3: Verification

Let (S,8), (A, &), T, P, u, and (8 be given, and a series of assumptions satisfied.
Suppose that V* : S — R is a measurable function satisfying the Bellman equation,
and V7 € II(sg), Vso €S,

lim B"/V*(sn)u”(so,ds";w) =0.

n—oo

Let G be the optimal policy correspondence associated with the Bellman equation,
and suppose that GG is nonempty and permits a measurable selection. Then V' = V*
and any plan 7* generated by G also attains the supremum of Markov decision
problem.

Proof. Vr € I(sg), Vsg € S, by the property of supremum in Bellman equation, we derive:
V(o) 2 alsr () + B [ V(514 Plot, (s )sdsnia),
for t = 0,1, ...,n. Multiplying by 8! and rearranging yield:
BV*(s¢) — ﬁt+1/V*(St+1>P(St,Wt(St);dSt+1) > Blu(se, mi(sh)).

Taking expectations with pf(sg,ds?; 7) and summing, we obtain:

n—1

V(o) = 8" [V (s s ds" ) 2 3 Bul, () s, i ).

t=0

Taking limit as n — oo and using the so-called transversality condition, we deduce
V*(s0) > J(sg,7).

Thus, Vr € II(sg), V*(s0) > V(so). The equality is attained if we replace m by 7* since
it is generated by the optimal policy correspondence G, so does Vt at m = 7*. O

The final result is a partial converse of Theorem 2.2.3. It ensures that any optimal
plan for the Markov decision problem can be found by solving the dynamic programming
problem.

Theorem 3.2.4

Let (S,8), (A, o), I, P, u, and B be given, and a series of assumptions satisfied.
Suppose that V* : S — R is a measurable function satisfying the Bellman equa-
tion. Suppose that the associated optimal policy correspondence G is nonempty and
permits a measurable selection. Then for any optimal plan 7* € II(sq) for Markov
decision problem, V¢, s, 75 € G(so) and 7/ (s") € G(s¢).

Proof. See Miao (2020) due to the space limitation. O


https://mitpress.mit.edu/9780262043625/economic-dynamics-in-discrete-time/

Chapter 4

New Keynesian Models

4.1 Basic New Keynesian Model

4.1.1 Households
Assume a representative infinitely-lived household, seeking to maximize
Eo»  B'U(Cy, Ny), (4.1.1)
t=0

where 8 € (0, 1) denotes the discount factor, N; denotes hours of work or employment, and
C} is a consumption index given by

1 e—1
C, = (/ ct(i)tldz’) :
0

with Cy(4) representing the quantity of good ¢ consumed by the household in period t.

Assume the existence of a continuum of goods represented by the interval [0, 1]'.

The period budget constraint now takes the form

1
/ Pt(l)ct(l)dZ + QtBt S Bt,1 + WtNt + Tt, (412)
0

where W, is the nominal wage, B; represents purchases of one-period bonds with the price
Q= ﬁ, I; is the nominal interest, and T} is a lump-sum component of income.
Additionally, assumed that the household is subject to a solvency constraint that prevents

it from engaging in Ponzi-type schemes, by the following constraint:
vt, lim E.(Br) > 0.
T—o0

Define Z; as the total nominal expenditure, P;(i) as the price of good 7. The optimal

1 Assume that Uc > 0, Ucc <0, Uy <0, and Uy < 0.

30
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allocation of any given expenditure level can be found by solving

1 =1
max Cy = (/ Ct(i)aeldi> ,
Cy (1) 0

s.t. L
0
Lagrangian:
1 N 1
0 0
FOC: 5%
m : OtEOt(Z) e = AtPt(’L)7 Vi € [O, 1],

that is, Vi,7 € [0,1],

cw-cao[f]”

Then the isoelastic demand of good ¢ can be represented as

Coli) = [P;(j)} — ‘.

where P, denote the aggregate price index

P = UOI Pt(i)l_fdi]lla.

1
/ P,(i)Cy(i)di = P,C;,
0

Furthermore, we have

31

(4.1.3)

i.e., total consumption expenditures can be written as the product of the price index times

the quantity index.

Next we consider the dynamic problem. Combining 4.1.1, 4.1.2 and 4.1.3, the intertem-

poral UMP can be written as

t
max B ;ff U(Ch, Ny),

s.t.
PCy+ QiBy < By + Wy Ny + Ty

Current-value Hamiltonian:

H =U(Cy, N¢) — M(PCy + Q¢ By — By — Wy Ny — Ty).
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FOCs:
ox
Tct . UC’,t = Atpt, (414)
ox
78]\/} : _UN,t = )\tWta (415)
ox
aiBt : )\tQt = ﬁEt)\t+1~ (416)

Combining 4.1.4 and 4.1.5, we obtain the optimal labor supply decision:

Une W
Ucr P

Combining 4.1.4 and 4.1.6, we obtain the Euler equation:

Uciy1 B

=0E : .

@ = om | S
Under the assumption of a period utility given by

o\
-0 1+’

U(Ct, Nt) -

where o > 0, 0 # 1, and ¢ > 0, then the two equations become

Wy
C/Nf = — 4.1.7
t t Pt ) ( )
~5 p
— BF t+l Tt 4.1.8
Q¢ = PE; C7 Py ( )
Log-linearize 4.1.7, we obtain the log-linearized optimal labor supply decision:
Jét'f‘(p’flt :’Lz}t—ﬁt. (419)

This shows that, given the marginal utility of consumption (which under the assumptions
is a function of consumption only), this equation determines labor supply as a function of
the real wage.

Log-linearize 4.1.8, we have

Gt = —0ECry1 + 0C + P — EiPyga-
Denote 7 = py — pr—1 as the (log-linearized) inflation. Since iy = —G;, we obtain:
ét = Etét+1 — O'_lﬁt - Etﬁt+1). (4110)

This shows that, given the nominal interest, the intertemporal consumption decision is

only determined by the expected inflation.
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4.1.2 Firms

Assume a continuum of firms indexed by i € [0,1]. Each firm produces a differentiated
good, but they all use an identical technology, represented by the production function

Yi(i) = ANy (i)',

where « € (0,1), A; represents the level of technology, assumed to be common to all firms
and to evolve exogenously over time. All firms face an identical isoelastic demand schedule,
and take the aggregate price level P; and aggregate consumption index Cy as given.
Consider the optimal labor demand for firms. One minimizes its cost by choosing N (4),
that is,
min %Nt(i),

N.(i) Py
s.t.
}/t(’t) - AtNt(i)l_a.
Lagrangian:
W, ) Nl—a .
£ = ?tNt(z) — M[AN (D)~ — Y, (i)].

t

FOC: 9
m : Wt = (1 - Oé)AtAtNt(Z-)ia.

Denote M C; = A\ P; as the nominal marginal cost. Then the FOC becomes
Wt = MCt(]. - OZ)AtNt(Z')_a.
In flexible price system, the firm’s PMP can be represented as

Ilgf(iz?)( Py (0)Ye (i) — Wi (i) Ne ().

Dividing P; in this form. By the optimal labor demand decision, when good market is
clear, the objective function can be transformed as

Py(i)Yy (i) — Wi (1) Ve (4)

FOC:
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l—«
1—e—1

and output in the economy due to the monopolistic competition.

In this form, the (nominal) markup leads to inefficiently low level of employment

Then we turn to sticky price system. Following Calvo (1983), each firm may reset its
price only with probability 1 — @ in any given period, independent of the time elapsed since
the last adjustment, i.e., follows an exogenous Poisson process. Thus, each period a measure
1 — 0 of producers reset their prices, while a fraction 6 keep their prices unchanged. As a
result, the average duration of a price is given by (1 — )~!. In this context, § becomes a
natural index of price stickiness.

Let S(t) C [0, 1] represent the set of firms not re-optimizing their posted price in period

t. The aggregate price index can be written as

1
1—e

P =

[ P ra- 0)(13:)”]
5(t)
= [0PLF + (1—0)(P) )7

Dividing P;_1 on both sides and rearranging, we obtain

P 1—¢
=0+ 1—9( t) ,
t ( ) P

= Py
= P

The log-linearized form:

where II; is the gross inflation rate between ¢1 and t.

Pr = 0pr—1 + (1 — 0)pj, (4.1.11)

or
e = (1 =0)(p; = De—1)-

This implies that, inflation results from the fact that firms re-optimizing in any given
period choose a price that differs from the economy’s average price in the previous period.
With sticky price, the firm must set its price taking account of the risk that it will not

be allowed to change its price in the future. That is, firm choose P;* to maximize

[P (1)Yi (1) — Wy ()]
+ OB [Qt 641 [Py (1) Yir)e (1) — Wegr (4)]]
+ 0B [Qr,p2[ P (1) Yigop (1) — Wy (d)]]
+ s

—0
where Q; 11k = B* Cé—t’“) Pit — is the stochastic discount factor for nominal payoffs, U(-)
is is the cost function, and Y; |, denotes output in period ¢ + & for a firm that last reset
its price in period t.

Formally, the PMP can be represented as

max Z 0" E, [Qt,t+k[Pt*Yt+k|t - ‘I’t+k(Y;+k\t)]]a
* k=0


https://www.sciencedirect.com/science/article/abs/pii/0304393283900600
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s.t.

*

P —E€
Yt*’”:<Ptik> Yier, k=0,1,2,...

The log-linearized form of constraint:

Gtk — Jekje = €(BF — Det) (4.1.12)
Foc > Y, ov Y,
kzzoekEt {Q“*’“ (Y“k't P s - an:\z 0P tﬂ -
where OYy |t Yiinp
oP; = —€ P k=0,1,2,....
Denote nominal marginal cost as ;5 = 5)}\/1: e then

> OYiipe  OWypy OYiqpp
OFE, |:Qt,t+k (Y g + P/ +*‘ — +E " )}
kZ:O V) AV

> [ Y,
= Z 0"E; | Q1 (Yt+k|t + (P = Yupnye) (—¢) t;flt )}
- t

fe%s) —&
= Z QkEt Qt ok Ykt {1 + (Pf ¢t+k|t) ”
k=0 t

- (
— Z Hk]Et Qt,t-’—k)/t-f—k‘\t (1 —c+¢€ ;"f\t = 0
_ t

Solving for the optimal price:

> ore o0 O B (Qu sk Yet k¢ Vttn)t)
> oneo OBy (Qu ek Yitne)

Py = (4.1.13)

where p = 5.
In the case of flexible price, i.e., # = 0, 4.1.11 becomes P} = uty;. Henceforth, p is

referred to as the desired or frictionless markup.

Denote MCy = %: as the real marginal cost. Consider the log-linearized form of 4.1.13:

= (1= B0) Y _(BO)*E(mic]y ), + berr)- (4.1.14)
k=0
The forward-looking equation:

pi = (1= BO)(micy, + pr) + BOED; 4. (4.1.15)
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Substituting 4.1.15 into 4.1.11, we obtain
Pe = O0pr—1 + (1 —0)p;
= 0pe—1 + (1 = 0)(1 — B0) (mcy), + pr) + (1 — 0) BOEp;
. . . E 0p
= Bpi1+ (1= 6)(1 — BO)mich, + o) + (1 — O)p= L= 0P
= 01+ (1= 0)(1 — BO)(mci), + pr) + BOE P11 — 56°Pr.

Subtracting by (1 — )p; and rearranging yields

+ = 0(Ps — Pr—1)
= (1 —0)(1 — BO)micy, + BO(Epei1 — Pr)
(]. )(1 — ﬂ@)rricat -+ 59Et’fft+1.

The forward-looking equation for inflation:

(1-0)(1-56) . .

ﬁt = 6Etﬁ't+1 + fmctlt.

4.1.3 Non-Policy Equilibrium

Market clearing in the goods market requires

Yi(i) = Cy(d), Vie[0,1].

Letting aggregate output be defined as Y; = ( fol Y, (i) dz) it follows that Y; = Cy,
i.e., gy = ¢;. Combining with 4.1.10, we obtain the equilibrium condition of good market
clearing:

Gt = Byfiegr — 0 (i — Byftyg). (4.1.16)

Market clearing in the labor market requires

1
Nt = / Nt(l)dl
0

Combining with the production function, we obtain

e ]
- (X)l"l“/ol [P;D(:)]_lf“ di.

Taking the square 1 — « yields

E _
Ay

Ntl—a —

[ 297

_ e -«
Denote D; = [ fol [P;D(:)} e di] measuring price (output) dispersion across firms,
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we have
Y, = ALN DL
The log-linearized form?:
Gr = ar + (1 — )iy, (4.1.17)

Now we consider the average real marginal cost in the equilibrium. In firm’s CMP, we
have known that

W, 1
MO =t ———
Y P A(1— )N

The log-linearized form:

rﬁc: = ’Lz}t —ﬁt — (dt — aﬁt)
1
1—

=Wy — Py — a(dt —a@t)-

For firms that set price at ¢ and remains it at ¢ + k:

. . . . N
MCy ke = Witk — Dtk — T a(at+k — Qyykt)
. . T N
= ek = Drk — 7 (Aerk = Wrsile)
. . r . a .
= Wtk — Pt+k — 1— a(atJrk — k) — m(ytﬂc - yt+k\t)
. ag . .
= MCpyp — m(pt = Pr+k), (4.1.18)

where the last line uses 4.1.12.
Substituting 4.1.18 into 4.1.14, we have

pi = T(mcy gy + Devr)
N ae N A~
=T |mepyp — 1o a(Pf = Petk) + Dtk
ag

=B +T (mcy,p, + O Prin)

where T'(-) = (1 = 6) 3232 (B0)FEq (), and © = (2= < 1.

l—atae —
Solving for the optimal price in terms of average real marginal cost:
Py = T(Omici y + Pryk)
= (1= B0)(Omcy + pt) + BOEpD; ;- (4.1.19)
Similarly, substituting 4.1.19 into 4.1.11, then subtracting by (1 — 0)p; and arranging
yields
7Al't = 5Et’ﬁ't+1 + )\’I’I’ALC:, (4120)
where \ = (1—9)(0&@.

2We can prove that d; = In Dy is equal to zero up to a first-order approximation in a neighborhood of
T =0.
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Solving forward, we obtain
o0
=AY BFEmic] .-
k=0

Re-consider the log-linearized form of average real marginal cost, using 4.1.9 and 4.1.17

yields

mey = (W — py) — (G — any)

= (05 + i) — 7 (e — af)

N e L [P N
:Uyt+1_a(2/t—at)— 1_a(at_ayt)
eta). e+1.
= — . 4.1.21
<0+1—a>yt =% ( )

Under flexible prices the real marginal cost is constant (MCy = p=1), thus mc; = 0.
Defining the natural level of output, denoted by y;*, as the equilibrium level of output under

flexible prices:

o p+1 4
Y = pt+a+o—ao b
Then we have
. pt+ay .
mct = <O’ + 1_(1) Yt (4122)

where g = g — g7 is denoted as the output gap, the deviation between the real output and
the natural level of output.
Substituting 4.1.22 into 4.1.20, we obtain the New Keynesian Philips Curve (abbr.
NKPC):
e = PEifte41 + KU, (4.1.23)

wherenzA(a—i—% > 0.
Rewriting 4.1.16 in terms of the output gap as
Gt = B0y — 07) + Efeyr — 0 (ie — Eyfrsn).

Define the natural rate of interest 7 = olE; (97, — 9;*). Then rewriting the equation in
terms of 77, we obtain the Dynamic IS Curve (abbr. DISC):

Gt = —0 iy — Bytyn — 77) + By (4.1.24)

Under the assumption that the effects of nominal rigidities vanish asymptotically, limp_, oo E;Gsrr =

0 In that case one can solve 4.1.24 forward to yield
o0
Gr=—0""! ZEt(ftJrk — k)
k=0

where 7} = %t — E¢#i41 is the (log-linearized) expected real return on a one period bond

(i.e., the real interest rate).
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In the non-policy block of basic New Keynesian model, The NKPC determines inflation
given a path for the output gap, and The DISC determines output gap given a path for the
(exogenous) natural rate and the actual real rate. In order to close the model, we need to
supplement these two equations with one or more equations determining how the nominal
interest rate i; evolves over time, i.e., with a description of how the monetary policy is
conducted.

4.1.4 Monetary Policy

Consider the equilibrium under a simple interest rate rule of the form (as known as the
Taylor rule)
it = Qnlte + Gyl + vt (4.1.25)

where v; is an exogenous (possibly stochastic) component with zero mean. Assume ¢, and
¢y are non-negative coefficients, chosen by the monetary authority.
Combining 4.1.25 with 4.1.24, the DISC becomes

Gt = =0 pafr + by — Eedrgr — (7} — 01)] + Eefiesa
Rewriting the NKPC and DISC:

(1 +07 o)) + 0 drfte = Byfies1 + 0 " Eyftpr + 0 H(FP —vy),
—KY+ e = BETy41.

The matrix form becomes:

~ _E ~
Wl = Ap |7 LB — ), (4.1.26)
Tt _EtWtJrl
(o 1-fen 1
here Q = (0 + ¢, + o)L, Ar =Q ,and By =0 .
w (0 + ¢y + Kdr) T wo K+ B+ by) T -

By the Blanchard-Kahn condition, given that both the 7; and 7, are nonpredetermined
variables, the solution to 4.1.26 is locally unique, if and only if, A7 has both eigenvalues
within the unit circle. Under the assumption of non-negative coefficients (¢, ¢,) it can be

shown that a necessary and sufficient condition for uniqueness is given by

K(pr — 1) + (1 = By > 0, (4.1.27)

which is assumed to hold, unless stated otherwise.

Then we consider the monetary policy shock in the system. Assume an AR(1) process
of {v}, that is, v; = p,vi_1 + €}, py € [0,1). A positive (negative) realization of £} should
be interpreted as a contractionary (expansionary) monetary policy shock, leading to a rise
(decline) in the nominal interest rate, given 7; and ¢;. Because the natural rate of interest
(output) is not affected by monetary shocks, Vt, #* = §3* = 0 is set for the purposes of the
present exercise.
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Using undetermined coefficient method, guess that

Yt = ¢y1)'Ut7

Ty = wﬂ'v Ut,

where 1, and 9, are coefficients to be determined.

Verification:

Yo = _(1 - pr)Avvta

7y = —kAyvg,

where A, = [(1 = Bpy)[o(1 — pu) + ¢y] + k(dr — pu)] L.

Since 4.1.27 is satisfied, it can be easily shown that A, > 0. Then we have —(1—3p,)A,

0, and —kA, < 0. Hence, If v; T, then 7y |, 9; |, and ¢ J.
Similarly, we can solve the form of (log-linearized) real interest 7y = %t — Eity41 as

Py = 0(1 - pv)(l - ﬂpv)Avvta

thus we have o(1 — p,)(1 — Bpy)Ay > 0.
Hence,

i = [0'(1 - pv)(l - /pr) - ﬁpv]Avvb

40

<

If vy T, then 7, . But if the persistence of the monetary policy shock p, is sufficiently

high, ; |, since The downward adjustment in the nominal rate induced by the decline in

inflation and the output gap more than offsetting the direct effect of a higher wv;.



Chapter 5

Incomplete Market Models

5.1 The Completeness of Market Structure

Definition 5.1.1: Arrow-Debreu Security

Let & = {1,...,.5} be the finite set of possible future states. Denote the payoff of an
Arrow-Debreu security for state s as ds, then it is a function ds : & — R defined by

dS(SI) = H{s/zs} o

In a discrete state-space, we can represent the payoff of this security as a payoff vector
e, € RY. For the security corresponding to state s, the vector has a 1 in the s-th position

and 0 elsewhere:
€ = (07 7071a05"' ’O)T

Let there be J available assets in the market, the payoff of each asset j is represented

by a vector a; € RS. Define the payoff matrix A as:.

where a,; represents the asset j in state s.

Definition 5.1.2: Complete Market

A market is complete if, span(A) = RS. That is equivalent to the rank condition of
the payoff matrix rank(A4) = S.

In a complete market, any arbitrary contingent claim can be perfectly replicated (syn-
thesized) by a linear combination of existing assets (strictly, span(A) is dense in L? space).
There is no "unhedgeable” risk, and the equilibrium allocation is Pareto optimal. Moreover,
we have proved that the optimal consumption allocation is not history-dependent when a

exogenous Markov state variable determines the aggregate endowment.

41
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But in a incomplete market, some Arrow-Debreu security do not works (rank(A4) = 5),
so individuals may face idiosyncratic risk, and the history dependence is encoded in the
dependence of a household’s consumption on its current asset holdings. In addition, the
incomplete markets model also can help to explain the “equity premium puzzle” that Mehra
and Prescott (1985) showed.

5.2 Borrowing Constraint and Idiosyncratic Shocks

The incomplete markets model is first studied by Bewley (1980). Bewley’s model estab-
lishes a foundational framework where agents face uninsurable idiosyncratic labor income
shocks and borrowing constraints. Lacking state-contingent claims, individuals engage in
self-insurance through asset accumulation.

Consider an agent’s consumption-saving problem. In period ¢, let ¢; > 0 denote the
consumption, and a; > —b denote the asset holdings or borrowings with constraint b, and [,
denote the labor endowment shock. The agent takes the interest rate » and the wage rate

w as given and solves the following problem:

Ct,Qt+1

max Eg Z Blu(ct)
t=0
s.t.

Ct —+ at+1 = (1 + ’/’)at —+ ’lUlt,
at > —b.

Assume that [; takes values on [lnin, lmaz] and follows a Markov process with transition

function Q.

Moreover, we impose the transversality condition lims_, (117;), = 0, which also implies

the following natural borrowing constraint:

which can be derived by non-negative constraints on consumption (¢; > 0).

In sum, the borrowing constraint can be represented as

Qg Z _¢7
min{b, hmin } if r>0,
b if r=0.

Define the cash on hand or total resource x; as
xt = (1 +r)ay + wly + .
Let a; = a; + ¢ and y; = wl;. Suppose y; is IID, then the process x; is defined by

Ti41 = R&t+1 + Yey1 — rg = R(Uﬂt - Ct) + Y41 — ro.


https://www.sciencedirect.com/science/article/pii/0304393285900613
https://www.sciencedirect.com/science/article/pii/0304393285900613
https://www.jstor.org/stable/1991093
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The agent solves the following dynamic programming problem:
V(z) = max{u(c) + BEV (2')},
s.t.

c+ad ==z,

¥ =R(x—c)+y—ro.
The FOC is given by
u'(x—a') = BREV' (R +y — r¢),

where V' stands for the marginal utility of consumption.
Comparing to the case of complete market, now we prove that when SR < 1, there exists

unique invariant distribution.

Lemma 5.2.1: Contraction Mapping

Let 8 € (0,1) and R > 0. The consumption policy function c(z) is strictly increasing
for x > =i, and the saving policy function a, satisfies

0<a(x)—a(x) <z —z, Yrmm<z<.

Proof. Based on the FOC, we define a function f(s;z) by
f(s;x) =/ (x —s) — BREV'(Rs +y — ).

Thus, s(z) is the transition function whenever f(s(x);z) = 0.

By the Euler equation at x and &’ > x, since u”(¢) < 0, we deduce that f(a(z);2’) <
f(a(z);x) = 0, which implies a(z’) > a(z) due to f(a(z');z’) = 0, and f is increasing to s
(or a(z)). Hence, 0 < a(a’) — a(z).

In addition,

z) — (¢’ —2)) — BREV'(Ra(x) + R(x' — z) +y — r¢)
7)) — BREV'(Ra(z) + R(z' — z) +y — ro)
= BREV'(Ra(x) +y — r¢) — BREV'(Ra(z) + R(z' — z) +y —r$) > 0.

Combine with f(a(z);2') < f(&;z) = 0, by the intermediate value theorem we obtain

that is 0 < a(a’) —a(z) < 2’ — x. O
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Lemma 5.2.2: Binding Borrowing Constraint

Let BR < 1. Suppose that Z;in = Ymin — r¢ > 0. Then 3T > ., s.t. if 2 < I,
then a;y1 = 0, and if z; > 2, then as41 > 0.

Lemma 5.2.3: Maximum Wealth Level

Let AR < 1. If — 22 ~ for all ¢ sufficiently large for some v > 0, then 3z*, s.t.

e

if &y > a*, then z,41 < 4.

5.3 Incomplete Market in Pure Exchange Economy
5.4 Incomplete Market in Production Economy

5.5 Aggregate Shocks and Approximate Aggregation
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